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Introduction

THESE are the lecture notes for MA267 Groups and Rings, an in-
troductory abstract algebra module primarily for second-year
undergraduate students on joint mathematical degree programmes
at the University of Warwick.

Organisation
Module leader  Dr Nicholas Jackson <Nicholas.Jackson@warwick.ac.uk>
Zeeman Bo.og, Economics S0.84
Pudding (honorary assistant module leader)
Assistants Edison Au-Yeung, Alexandros Groutides
Credit 10 CATS
Assessment One 2-hour examination in April (85%)
Best three of four written assignments (15%)
Lectures Monday 3pm-4pm: L5 (weeks 1-10)
Tuesday 3pm—4pm: Chancellors 1 (weeks 1, 4-10),
GLT2 (weeks 2, 3)
Thursday 2pm-3pm: L5 (weeks 1-10)
Classes Monday 2pm—3pm: MBo.o8 (weeks 2-10)
Tuesday 5pm—6pm: Zeeman B3.02 (weeks 2-10)

Content and learning objectives

This is an introductory abstract algebra module. As the title sug-
gests, the two main objects of study are groups and rings. A group
is a set with one binary operation; examples include the additive
group of integers, groups of permutations, and groups of nonsingu-
lar matrices. Rings are sets with two binary operations, analogous
to addition and multiplication. The most familiar example is the
ring of integers with the usual addition and multiplication opera-
tions, and others include rings of polynomials, and rings of square
matrices.

This module will assume no prior knowledge of group or ring
theory, but students who have previously taken MA151 Algebra 1 or
similar will have met some of the basic concepts already.

We will assume some basic knowledge of the following topics (from
MA138 Sets and Numbers or elsewhere):

Still less is our essay intended as a
textbook of the Glass Bead Game;
indeed, no such thing will ever be
written. The only way to learn the
rules of this Game of games is to
take the usual prescribed course,
which requires many years; and
none of the initiates could ever pos-
sibly have any interest in making
these rules easier to learn.

— Hermann Hesse (1877-1962),
The Glass Bead Game (1943)

We may always depend upon it that
algebra which cannot be translated
into good English and sound com-
mon sense is bad algebra.

— William Kingdon Clifford
(1845-1879),

The Common Sense of the Exact
Sciences (1886) 21



Vi

Number theory congruence modulo-n, prime factorisation, the
Euclidean algorithm, greatest common divisors (gcd) and least
common multiples (lcm).

Sets and functions basic set theory and notation, injective and sur-
jective functions, equivalence relations.

Polynomials multiplication and division, the Euclidean algorithm,
the Remainder Theorem.

The topics we will cover include:

Group theory Basic definitions and properties of groups, subgroups
and homomorphisms. Cosets and Lagrange’s Theorem. Normal
subgroups and quotient groups. Cyclic groups, permutation
groups, dihedral groups. Isomorphism theorems. Group actions,
orbits and stabilisers, conjugacy classes, simple groups. Classifi-
cation of finitely-generated abelian groups.

Ring theory Basic definitions and properties of rings, subrings and
homomorphisms. Ideals and quotient rings. Integral domains, Eu-
clidean domains, Principal Ideal Domains (PIDs), Unique Factori-
sation Domains (UFDs). Prime and irreducible elements. Fields.
Polynomial rings.

By the end of the module, the student should have a good working
knowledge of the basic concepts of group theory and ring theory,
and be familiar with a number of standard theorems and techniques.

Assessment

The assessment for this module consists of the following:

Assignments Four assignments, with deadlines in weeks 3, 5, 7
and 9 of term 1. The best three marks will together comprise 15%
of the overall mark for the module.

Exam One two-hour exam, early in term 3, consisting of one com-
pulsory question (worth 40 marks) and two optional questions
(worth 20 marks) from a choice of three, giving a total mark out
of 80. The exam will comprise the remaining 85% of the overall
mark for the module.

Synergies and further study

This module works well alongside the following other modules:

o MA243 Geometry
* MA257 Introduction to Number Theory
* MA266 Multilinear Algebra

This module provides useful background or assumed knowledge
for the following modules:

* MA257 Introduction to Number ¢ MA3G6 Commutative Algebra
Theory * MA3]9 Historical Challenges in
* MA3E1 Groups and Representa- ~ Mathematics
tions * MA377 Rings and Modules



* MA3F1 Introduction to Topology ® MA4L6 Analytic Number Theory
* MA3Ky Introduction to Group * MA4H4 Geometric Group Theory
Theory * MA426 Elliptic Curves
* MA3]3 Bifurcations, Catastro- ® MAg473 Reflection Groups
phes and Symmetry * MAys53 Lie Algebras
MA3Ds5 Galois Theory o MA4J8 Commutative Algebra I1
MA3HG6 Algebraic Topology * MA4Mé6 Category Theory
MA3]2 Combinatorics 11

MA3A6 Algebraic Number The-
ory

Further reading

These notes contain all the material covered in this module, but you
may find it helpful to consult one or more of the following books:

¢ Lara Alcock, How to Think About Abstract Algebra, Oxford Univer-
sity Press (2021)

* M. A. Armstrong, Groups and Symmetry, Undergraduate Texts in
Mathematics, Springer (1988)

¢ John B. Fraleigh, A First Course in Abstract Algebra, 8th edition,
Pearson (2020)

¢ Joseph Gallian, Contemporary Abstract Algebra, 1oth edition, CRC
Press (2021)

* Nicholas Jackson, A Course in Abstract Algebra, Oxford University
Press (forthcoming)

vii






1 Groups

UCH OF MODERN MATHEMATICS concerns the study of different
M kinds of structures attached to sets. For example, in linear
algebra we study vector spaces: sets of “vectors” equipped with
“vector addition” and “scalar multiplication” operations. In topology
we study metric spaces (sets with some well-defined notion of
distance between given elements) and topological spaces (sets with
designated families of “open subsets”).*

In abstract algebra we are concerned with sets which have some
kind of generalised multiplication and/or addition operations. In
this module we will investigate two very important objects: groups
and rings.

1.1 Definitions and elementary properties

We'll use the integers Z as our motivating example for both of these
concepts. From a very early age we learn how to add and multiply
integers together. Leaving multiplication aside for the moment,
we notice that there are five basic properties that integer addition
satisfies, for any integers a,b,c € Z.

@) If we add two integers together, we get an integer. That is,
a+b € Z. We say Z is closed under addition.

(ii) The order doesn’t matter: we get the same answer either
way round. That is, a+b = b+a. We say integer addition is
commutative.

(iii) Parentheses don’t matter when we’re adding three or more
integers together. That is, (a+b)+c = a+(b+c). We say
integer addition is associative.

(iv) There is a special integer, zero, that doesn’t change anything
we add it to. That is, a+0 = a = 0+a. We call this the
(additive) identity.

(v)  Every integer has a corresponding negative partner. That is,
for any a € Z there exists —a € Z such that a+(—a) =0 =
(—a)4a. We call —a the (additive) inverse of a.

We want to generalise this idea to an arbitrary (finite or infinite) set,
and see what other familiar situations have a similar structure.

What does addition do? It's an operation that takes an ordered
pair of elements of our chosen set Z and gives us a single element
of Z in return. It’s effectively a function f: Z — Z defined by
f(a,b) = a+b. We give a function of this sort a special name:

However, there is a pleasure in rec-
ognizing old things from a new
point of view. Also, there are prob-
lems for which the new point of
view offers a distinct advantage.

— Richard Feynman (1918-1988),
Space-time approach to non-relativistic
quantum mechanics, Reviews of
Modern Physics 20 (1948) 367387

* Considering such objects in generality
leads to a branch of mathematics called
category theory, which is beyond the
scope of this module. Sometimes gen-
tly derided as “generalised abstract non-
sense”, it has proved to be a very pow-
erful approach that has enabled major
developments not just in mathematics,
but also in other fields such as theoret-
ical computer science. The basic idea
is that a category consists of a class of
objects and, for each ordered pair of
objects, a set of morphisms, satisfying
a few simple axioms. So the category
Set comprises sets and functions map-
ping between them, while the category
Vectg consists of vector spaces over a
field K with linear maps between them.
Where this becomes particularly useful
is when we start looking at functors:
structure-preserving maps from one cat-
egory to another. This enables us to
translate one sort of mathematical prob-
lem into another, which might be easier
to solve. If you take MA3F1 Introduction
to Topology next year, you'll meet some-
thing called the fundamental group of
a topological space, which is a functor
7111 : Top, — Group from the category of
based topological spaces to the category
of groups. It’s essentially a machine for
turning a possibly difficult problem in
topology into an analogous problem in
group theory that’s hopefully easier to
solve.
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* There are less restrictive variants of this
structure, which we won’t cover in this
module. A set S with a binary operation
* is called a magma. A magma whose
operation is associative is called a semi-
group, and a semigroup with an identity
is called a monoid. A group can thus
be thought of as a monoid where every
element is invertible.

3Some books list the closure require-

ment as an additional criterion in the

definition. For example:

(Go) The set G is closed under the op-
eration x; that is,

g*xheG

forallg,h € G
but in our case this is automatically sat-
isfied as part of the way we’ve defined
a binary operation.

Niels Henrik Abel (1802-1829)

+Infinity is a tricky concept, and some-
times we might want to make a dis-
tinction between countable infinite sets,
such as N, Z and Q, and uncountable
infinite sets, such as R and C.

5But Z doesn’t. Why not?

Definition 1.1 Let S be a set. Then a binary operation on S is a
function f: SxS — S.

For notational reasons, we will usually write a binary operation not
as a function, but as an operator placed between the two arguments:
so, for example axb instead of f(a,b). In particular, this makes the
commutativity and associativity conditions neater:

(axb)xc=ax(bx*c)

Although many of the objects we want to study will satisfy the com-
mutativity condition, it turns out that many interesting examples
don’t, so we’ll leave that one as optional for now. But we’ll require
associativity. We'll also require the existence of inverse elements,
and an identity element.*> This leads us to the following definition:3

axb=>bxa and

Definition 1.2 A group G = (G, *) comprises a set G together
with a binary operation *: GxG — G, such that:

(G1) The binary operation * is associative; that is,
gx (hxk)=(gxh)xk

forall g,h,k € G.
(G2) There exists an element ¢ € G, the identity (or neutral
element), such that

grxe=g=ex*xg

forall g € G.
(G3) For every ¢ € G there exists an element ¢~! € G, the
inverse of g, such that

g*gil:e:gfl*g.

Although we decided not to include the commutativity requirement
by default, groups which do satisfy this property form an important
subclass which we will study in depth. They are named after the
early 19th century Norwegian mathematician Niels Henrik Abel,
one of the pioneers of group theory.

Definition 1.3 A group G = (G, %) is said to be abelian if:

(G4) The operation * is commutative; that is, g * h = h * g for all
g, heaG.

Sometimes we will want to discuss the size of a group:*

Definition 1.4 Let G be a group. Then the order of G, denoted
|G| is the number of elements in G. This may be finite or infinite.

Time for some examples. The first is our original example:

Example 1.5 The set Z of integers forms an abelian group under
the usual addition operation.

Similarly, the sets Q of rational numbers, R of real numbers
and C of complex numbers also form abelian groups under the
corresponding addition operations.

The nonzero elements of the latter three examples above also form
groups under multiplication.?



Example 1.6 Let K be one of the sets Q, R or C, and let K* =
K\ {0}. Then K* forms a group under multiplcation.

The next example comes from modulo-n arithmetic, and yields an
important class of groups that we’ll study further later.

Example 1.7 Let Z, = {0,1,2,...,n—1} be the set consisting of
the first n non-negative integers, for some positive integer n. Then
let +: Z,xZ, — Z, be the operation of addition modulo 7; that
is, given any a,b € Z,, define a-+b to be the remainder of the sum
a+b € Z after division by n.

Then Z,, = (Z,, +) is the cyclic group of order n.

Can we form a group from Z, using modulo—-n multiplication in-
stead of addition? Well, the problem we run into is that a given
element of Z,, isn’t guaranteed to have a modulo—n multiplicative in-
verse. And zero certainly doesn’t. But we can define a multiplicative
group structure on some appropriate subset of Z,:

Example 1.8 Let
U, ={m € Z, : gced(m,n) = 1}.

This set forms a group under multiplication modulo 7, and we
call it the group of units modulo #.

As an exercise, prove that U, does form a group. Use the extended
Euclidean Algorithm, from MAz132 Foundations or MA138 Sets and
Numbers.

These examples are groups of numbers, but we can form groups
from other mathematical objects as well. In a little while, we will
meet classes of groups formed from symmetry operations on ge-
ometric objects, and groups formed from permutations on sets.
For the moment, however, we will look at some important groups
formed from matrices:

Example 1.9 For any integers m,n > 0 we can define My, x(R)
or R™*" to be the set of m xn matrices with entries in K. This set
forms a group under the usual matrix addition operation: matrix
addition is associative, the zero matrix serves as the required
identity element, and for any m xn matrix A there is an additive
inverse —A.

All of these examples so far are abelian: their operation is commu-
tative. But matrix multiplication isn’t commutative, and that yields
a number of other interesting matrix groups:

Example 1.10 Denote by GL,(R) or GL(n,R) the set of nxn
invertible matrices with real entries. Equivalently, this is the set
of nxn real matrices with nonzero determinant. This set forms a
group (the general linear group) under matrix multiplication.

Example 1.11 Let SL,(R) or SL(n,R) denote the set of nxn
invertible real matrices with determinant equal to 1. This set also
forms a group (the special linear group) under ordinary matrix
multiplication.

GROUPS

3
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Arthur Cayley (1821-1895)

+,]0 1 2 3
o]0 1 2 3
1|1 2 3 O
2 |2 3 o0 1
3 /3 o 1 2

Table 1.1: Cayley table for the cyclic
group Z4

O SR 0| %
O ST x|
S QN Q|
ST o S~ Ol B~
N R T a0

Table 1.2: Cayley table for the Klein
group Vy

Felix Klein (1849-1925)

Example 1.12 Let O, (R) or O(n,R) be the set of nxn real orthog-
onal matrices. (That is, matrices m such that MM = I = MM,
or equivalently that M~—! = MT.) This set forms the orthogonal
group under matrix multiplication.

Similarly, let SO,(R) or SO(n,R) be the set of nxn orthogonal
matrices with determinant equal to 1. This forms the special
orthogonal group under ordinary matrix multiplication.

We can generalise all of these matrix groups to other scalar fields
such as Q or C. Except when n = 1, the multiplicative groups
GL,(R), SL,(R), O,(R) and SO, (IR) are not abelian.

But what do these groups actually look like? Well, one way of
displaying the group structure, at least of relatively small groups, is
to write down the multiplication table or Cayley table. This is the
same idea as an ordinary multiplication table that we learn about
in primary school, except that we use the given group operation
instead of ordinary multiplication. Table 1.1 shows the multiplica-
tion table (or in this case, perhaps the addition table) for the cyclic
group Z4. We can’t do this for larger groups or infinite groups,
so much of the rest of this module will be concerned with finding
different methods to understand these structures.

Another simple but important example is named after the German
mathematician Felix Klein:

Example 1.13 Let

Vy={eab,c}
and define a group structure on Vj as follows:
(i)  Let e be the identity element.
(ii) Letaxa=bxb=cxc=e.
(iii) Letaxb=Dbxa=c.
There is a unique group structure determined by these conditions,
and its multiplication table is shown in Table 1.2.

This group is called the Klein group, the Klein 4—group, or the
Viergruppe. As an exercise convince yourself that it is indeed an
abelian group.

Something that we should really address before we go any further
is the question of notation. In almost all the examples we’ve seen so
far, the group operation was either “addition” or “multiplication”.
In fact, we will almost always write group operations using either
additive or multiplicative notation (rather than using a symbol like
* as in Definition 1.2), even if the operation isn’t called addition or
multiplication.

The two notations we will mostly use are:

Multiplicative groups where we omit the sign representing the
operation (so gxh becomes gh), we denote the identity element
by 1, and the inverse of an element ¢ by g~!.

Additive groups where we represent the operation by +, the iden-
tity element by 0, and the inverse of an element g by —g.

Sometimes we might find ourselves discussing more than one group
at a time, and may need to distinguish between the identity elements



of two different groups G and H, say. If so, we will denote them by
1g and 1y (or Og and Op).

We will adopt the convention that additive notation will only be
used for abelian groups; that is, any operation we denote by + may
be assumed to be commutative. Multiplicative notation, however,
may be used both for abelian and for nonabelian groups. By default
we will use multiplicative notation.

Now it’s time to prove some basic properties of groups. These all
follow from Definition 1.2.

First, we will prove the Cancellation Law:

Proposition 1.14 (Cancellation Law) Let G be a group, and suppose
that g, h, k € G.

@)  Ifgh = gkthen h =k, and

(ii) ifhg = kg then h = k.

Proof To prove part (i), suppose that gh = gk. Then multiplying on
the left by ¢! we have ¢~!(gh) = ¢~ !(gk), and by the associativity
condition this is equivalent to (¢~'¢)h = (¢ '¢)k, so 1h = 1k and
hence h = k as claimed.

Part (ii) can be proved by multiplying on the right by ¢~ 1. O
This works precisely because every element in a group has an
inverse.

So far, we’ve talked about the identity element of a group, and the
inverse of a given element, quietly glossing over the possibility that
these might not always be unique. We'll justify ourselves now:

Lemma 1.15 Let G be a group. Then G has a unique identity element
1, and each g in G has a unique inverse g~ '. That is:

(i)  Suppose that e € G such that eg = g forall g € G (that is, e isa
left identity element), then e = 1.

(ii)  Given g € G, if there exists some element h € G such that hg = 1
(that is, h is a left inverse of g) then h = ¢~ 1.

The group axioms say that a group G has an identity element 1, and
every element ¢ € G has an inverse ¢~ !. This lemma says that any
other element that behaves like an identity is actually equal to 1
itself, and any other element that behaves like the inverse of ¢ must
actually be equal to ¢~ ! itself.

Proof

(i) Because e is a left identity element, we have el = 1. And
because 1 is a two-sided identity element, we also have el = e.
Putting these together, we see that e = ¢l = 1.

(ii) Because & is a left inverse of g, we have hg = 1. And because
¢! is a two-sided inverse of g, we have gg~! = 1. Combining
these, we have

h=hl=h(gg ') =(hg)g ' =1g ' =g "

Hence every group has a unique identity element, and every element
has a unique inverse. O

GROUPS 5
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®Elements with this self-inverse prop-

erty are sometimes called involutory.

7 As sometimes happens in mathematics,
we’ve used the same word to mean two
different things. In this case, recall that
the order of a group G is the cardinality
(or, if finite, the number of elements)
of G. But the order of an element of G
means something different.

Lemma 1.16 Suppose that g and h are arbitrary elements of some
group G. Then

(gh) ' =n"'g "

Proof We can check this by means of the following calculation:

(W g M) (gh) =h"' (g (gh)) =h Hg 'g)h!
—hh'=hht=1.

Thus h~ !¢~ is a left inverse of gh. We can either prove it is also a
right inverse by a similar calculation, or we can appeal to part (ii)
of Lemma 1.15. Either way, the result follows. O

In a multiplicative group, we’ll define ¢g* = gg, ¢&° = ¢9*> = 939,
and so on. Formally, for n € IN we define ¢g" inductively by

g'=g and g"l=gg".

We also define go to be the identity element 1, and g7" = ( g”)—l =
(¢~1)" to be the inverse of ¢". Then we have

gm+n — gmgn
for all m,n € Z.

In an additive group, we replace ¢" withng =g+---+g,and g"
with (—n)g = —(ng) = n(-g).

Looking at the Klein group in Example 1.13, we see that multiplying
any of the elements 4, b or ¢ by itself yields the identity element e.
In other words, a2 = b? = ¢ = e. One consequence of this is that
each of these elements is equal to its own inverse.®

In the group Z4, whose Cayley table is shown in Table 1.1, we can
combine the element 2 with itself to get 24-,2 = 0. But we have to
add four copies of the element 1 together to get 0, and the same
goes for 3. And in the additive group Z, there are no nonzero
elements which can be added to each other a finite number of times
to get the identity element 0.

Let’s formalise all this with a definition:?

Definition 1.17 Let ¢ € G be an element of some group G. The
order of g, denoted |g], is the smallest positive integer n such that

§'=gg=1
(if G is a multiplicative group) or

(if G is an additive group).
If no such finite integer exists, then we say g has infinite order.

So, for example, in the Klein group V; we have |e¢| = 1 and |a| =
|b] = |c| = 2. And in the cyclic group Z4 we have |0| = 1, while
2| =2and |1]| = 3| =4

This gives us a big clue that although V4 and Z4 have the same
number of elements (that is, |V4| = |Z4| = 4) they have different



internal structures. We’ll look into this idea further in a little while,
but first we’ll prove a couple of very basic results about the order of
group elements:

Lemma 1.18 Let g be an element of a group G. Then |g| = 1 if and
onlyif g =1.

Proof If ¢ = 1 then we have ¢! = ¢ = 1, and there is no smaller
k € N such that gF = 1.

Conversely, if |[g| = 1 then ¢! = 1, but ¢! = ¢ by definition, and
hence ¢ = 1. O

Lemma 1.19 Let g be an element of a group G with |g| = n. Then
gl =187

Proof Since |g| = n, we have ¢" = 1, and n is the smallest positive

integer with this property. Then (g_l)” = (g”)_l =11 =1.

Furthermore if 0 < k < 7 such that (¢~1)¥ = 1, then this means that
()71 =1, and hence ¢* = 1. This contradicts the hypothesis that
|g| = n, so it must be the case that [g~!| = n. O

Lemma 1.20 Let g be an element of a group G with |g| = n. Then
¢* = 1 ifand only if nk.

Proof If n|k then there exists some m € N such that k = mn. Then

gk — gmn — (gn)m — 1" =1.

Conversely, suppose that g¢ = 1. By Euclid’s Division Theorem,®

we know that if |k| > n then there exist integers g, r such that

k=gn+r and 0<r<n.

Then we have
gk — gqn+r — gqn v — <gn)qgr — 1qg1’ — gi’

But ¢* = 1, so this implies that ¢ = 1, and since r < 1, which is the
smallest positive integer such that ¢ = 1, it must be the case that
r = 0. Hence k = gn, and so n|k as claimed. O

1.2 Structural equivalence

A little while ago we remarked that the Klein group Vj; and the
cyclic group Z4 have the same number of elements, but there were
differences in the internal structure of each group. In particular, Z,4
has two elements of order 4, but every element of Vj (apart from
the identity e) has order 2.

There certainly exist bijections between V; and Z,, because they
both have the same number of elements. But that’s not enough
for us: we want to compare the structures as well. And the order

of individual elements is a fundamental aspect of that structure.

Ultimately, we’re looking for bijections between groups that in some
way preserve this structure. We’ll get to that soon, but first we’ll
look at another example.

GROUPS 7

8 This was covered in MA138 Sets and
Numbers and MA132 Foundations, but
if you’ve not seen it before, or need a
reminder, here it is:

Theorem 1.21 (Division Theorem)
Let a,b € IN. Then there exist unique
integers q,r € Z such that

a=qb+r

with 0 <r < b.

: st 2"
Euclid of Alexandria (fl. 300 BC)
detail from The School of Athens by
Raphael (1483-1520)
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2

1 w  w
1|11 w
w 1

w Cdz
2 2 1

w w w

Table 1.3: Cayley table for the group G
in Example 1.22

I
I |1
AlA

A
A
B
B|B I

> = W

Table 1.4: Cayley table for the group H
in Example 1.22

+, 10 1 2
o|lo 1 2
1 1 2 O
2 |2 0 1

Table 1.5: Cayley table for the cyclic
group Z3

9 You should hopefully have met injec-
tive, surjective and bijective functions
before, but in case you haven’t (or need
a reminder), here’s the definition:

Definition 1.23 Let f: A — B be a
function mapping from a set A (the
domain) to a set B (the codomain).
We say that f is injective or one-one
if, for any elements x,y € A, we have
f(x) = f(y) only when x = y.

We say that f is surjective or onto if,
for any element b € B there exists an
element g € A such that f(a) = b.
And we say that f is bijective (or a
bijection) if it is both injective and
surjective.

Equivalently, if f: A — B is injective,
then every element of B is mapped to
by at most one element of A. Distinct
elements of A are mapped to distinct
elements of B.

And if f: A — Bis surjective, then every

element of B is mapped to by af least one
element of A.

Example 1.22 Let G = {1, w, wz}, where w = —% + @i. This
forms a group under multiplication, which has Cayley table shown
in Table 1.3.

Now let H = {I, A, B} where

R S B

This forms a group under matrix multiplication, with the Cayley
table shown in Table 1.4

Compare this with the Cayley table for Z3 in Table 1.5. We can
see that apart from some simple relabelling, these groups all have
essentially the same structure, and on some level we can view
them all as different representatives of the “same” group.

We want some notion of equivalence between groups that recognises
and preserves the actual structure, while being pretty much agnostic
about the specific form of the groups in question. As in Example 1.22
we want to recognise the way the elements of the groups interact,
while not really caring particularly whether those elements are
integers, complex numbers or matrices.

The key idea, as remarked earlier, is that we want a bijective func-
tion® between groups that in some way respects the group structure.

Definition 1.24 Two groups G and H are said to be isomorphic
if there exists a bijective function (an isomorphism) f: G — H

such that
f(ab) = f(a)f (D)
for all a,b € G. We denote this by G = H.

We'll now prove a couple of basic facts about isomorphisms:

Lemma 1.25 Let f: G — H be an isomorphism of groups. Then
@ f(lg) =1y, and
()  f(g") =f(g) ' forallg €G.

Proof

(i) Since f is a bijection (and hence surjective) for any h € H
there exists some g € G such that f(g) = h. Then

f(le)h = f(16)f(g) = f(1cg) = f(g) = h.

Hence f(1¢) is a left identity in H, and by Lemma 1.15 (i) it
must be the identity 1y in H.
(ii) For any g € G we have

F871f(8) = f(87'8) = f(lc) = 1n,
hence f(g~1!) is a left inverse of f(g), and so by Lemma 1.15 (ii)
it must be the inverse of f(g), namely f(g)~!.
Thus f(1g) = 1y and f(g~') = f(g) ' forall g € G, as claimed. [

The next proposition relates to our discussion about the different
orders of elements in V4 and Z4. Isomorphisms preserve the orders
of individual elements:



Proposition 1.26 Let f: G — H be an isomorphism. Then |g| =
|f(g)| forall g € G.

To prove this, we need to consider the finite-order and infinite-order
cases separately.

Proof Suppose first that |g| = # is finite. Then

f(&)" = f(&") = f(lc) = 1n
and hence |f(g)| <n =|g].
Now let m = |f(g)|. Then

f(&") = f(&)" = 1u = f(1c).

Since f is a bijection, and hence injective, we must have g"" = 1, so

|g| < m. Hence
@l < lgl < [f(g)l
and so |f(g)| = |¢| as claimed.

Suppose instead that g has infinite order. Then the elements g* are
distinct for all k € Z. Since f is a bijection, and hence injective,
it follows that the elements f(g*) = f(g)* are also distinct for all
k € Z. Therefore |f(g)| = |g| = oo. O

1.3 Cyclic groups

We met the cyclic groups Z, in Example 1.7, and we want to look
at them in a bit more detail now. First of all, we observe that we
can construct the entirety of Z,, = {0,1,2,...,n—1} using just the
group operation +, and the element 1:

0=0
1=1
2=1+,1
3=1+,1+,1

n—1=1+, -+, 1

Formalising this idea we get the following definition:

Definition 1.27 A group G is cyclic if it consists of all the integral
powers of a single given element. That is, G is cyclic if there exists
some element ¢ € G such that for any & € G there exists k € Z
such that ¢¥ = h. Or, equivalently,

G={¢":kez}

for some g € G.

The element g is called a generator of G.

The cyclic groups we’ve met so far have been additive rather than
multiplicative, but that’s really just a matter of notation. We could
just as easily have defined

GROUPS 9
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+, 1 t £ 8
111 ¢+ £ 8
A S R < |
212 B8 1t

Pl 1 ot £

Table 1.6: Cayley table for the cyclic
group Z4 in multiplicative form

*Is 1 the only generator of Z,? If not,
which other elements of Z,, are genera-
tors?

Figure 1.1: Axes of symmetry of an equi-
lateral triangle

for some symbol t and used multiplication such that t" = 1. See
Table 1.6 and compare it with Table 1.1.

The additive group Z of integers is also cyclic: it can be generated
additively by the element 1 € Z, since every integer k is of the
form k1. And as noted above, the finite cyclic groups Z, can all be
generated by the element 1 € Z,, using modulo-n addition.™

We now provide a complete classification (up to isomorphism) of
cyclic groups:

Proposition 1.28 Any two infinite cyclic groups are isomorphic to Z,
and any two finite cyclic groups of order n are isomorphic to Zj,.

Proof Suppose that G and H are infinite cyclic groups, such that G
is generated by some element ¢ € G, and H is generated by some
element 1 € H. Then

G={¢":kez) and (W k e Z}.

We observed earlier that the elements gk € G are all distinct, and so
the map f: G — H defined by f(g*) = h* for all k € Z is a bijection.
It also satisfies the structural property

f(8"¢") = f(&") =W = WH = £(gM) ()

and is hence the required isomorphism. Since Z is also an infi-
nite cyclic group, it follows that any two infinite cyclic groups are
isomorphic to each other, and to Z.

Now suppose that G and H are finite cyclic groups of order n. Then
G={¢":kez,}) and H={ kecz,}.

Again, we define the map f: G — H with f(g*) = K*. This is also
a bijection and satisfies the structural property, and is hence an
isomorphism. Since Z, is also a finite cyclic group of order n, it
follows that any two finite cyclic groups of order n are isomorphic
to each other, and to Z,,. O]

1.4 Symmetry groups

Another rich source of groups, and one of the original motivations
for the subject, is geometry. This has been a particularly important
line of inquiry in particle physics and molecular chemistry.

Example 1.29 Consider an equilateral triangle (see Figure 1.1).
There are six different symmetry operations we can perform on
this:

¢ The identity operation, which just maps the triangle to itself.

* Reflections in each of the three axes of symmetry.

* Rotations through j:% full turn.

We can compose these operations as if they were functions, by

doing one and then another. In each case, we get one of the six
operations on the list.




So, here we have a set of objects (in this case, symmetry operations

or isometries) that is closed under a binary operation (composition).

We can turn this into a group:

Example 1.30 Let
D; = {e, 1,1, my, my, m3}

be the set of symmetry operations of an equilateral triangle. Here,

* e is the identity operation,

* ris an anticlockwise rotation through 2

e 72 is an anticlockwise rotation through 47” (or equivalently a
clockwise rotation through 27”), and

* mj, my and m3 are reflections in the axes shown in Figure 1.1.

Composing each of these yields the group structure shown in
Table 1.7. We call this the dihedral group of the triangle.

More generally:"*

Definition 1.31 Let n € IN with n > 3, and denote by P, the
regular n—sided polygon in the plane with vertices at the points
(cos (Z”k),sin (@)) for 0 < k < n. Then

n n

2 n—1
D, ={er,r", ..., 7", my,...,my}

is the dihedral group of P,.

Here, r is an anticlockwise rotation of P, through an angle 2Z.

2k

- anticlockwise

Then for 0 < k < n, the power 7* denotes a
rotation, with e = 1 the identity map.
Furthermore, my denotes a reflection in the line through the origin
that makes an angle ]% with the positive horizontal axis. If 7 is
odd, then these lines will pass through a vertex and the midpoint
of its opposite side. If 1 is even, then half of these lines will pass
through opposite vertices, and the other half will pass through
the midpoints of opposite sides.

See Figure 1.2 and Table 1.8 for the diagram and Cayley table for
the dihedral group Dy.

The dihedral groups are not in general abelian. We can see this from
examining Tables 1.7 and 1.8: neither is symmetric in the leading
(top-left to bottom right) diagonal. We will look in more detail at
the dihedral groups later.

1.5 Permutation groups

Now we will look at an important class of groups. Historically, these
were some of the first groups studied in generality: the abstract
concept of a group as we understand it now didn’t really evolve
until the late 19th century.

Definition 1.32 A permutation on a set X is a bijection o: X — X.
We denote by Sym(X) the set of all permutations on X.

GROUPS 11

2

rorT mqp mp ms

N

e
e e ror- mp mp ms
r e ms mq mp
r mp ms3 mnq
my|my mp, mz e r r
mp|mpy m3 nmq T e r
ms|ms my my v 12

Table 1.7: The Cayley table for the dihe-
dral group D3

11 In these notes, we denote the dihedral
group of the n-sided polygon by D,.
However, you should be aware that since
|Dy| = 2n, some books denote it Dy,,. It
should be clear from context, but it’s
something to watch out for.

Figure 1.2: Axes of symmetry of the
square

1’3 my mp ms3 My

e r r
e|le r 1’2 1’3 m
1 Mo M3 1My
r|r 1‘2 1’3 e Mmy mp mp ms
1’2 I’2 7‘3 e v ms3 my myp mp
31,3 2

e v 1T omy ms my my
2 .3

mylmy my mymy e v 1%y
my|my my my mq e v 12
mylmy my my my ¥2 3 e v
mg|my my omy my v r2 e

Table 1.8: The multiplication table for
the dihedral group Dy
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Choose a (finite or infinite) set X and consider two permutations ¢
and 7. Since these are functions, we can compose them to get new
functions oot and Toc defined by

(ooT)(x) = o(7(x)) and (too)(x) = t(o(x)).

These are both well-defined functions, and because the composite
of two bijections is also a bijection, they are also permutations on
the set X.

So we have a binary operation on Sym(X). This operation is asso-
ciative, because function composition is associative. We have an
identity permutation: the identity map ¢: X — X, where ((x) = x
for all x € X. And for any permutation ¢ € Sym(X) there is a
well-defined inverse permutation ¢! which we can regard either
as the inverse of the map o, or as the permutation that puts every
element of X back to where it was before ¢ shuffled everything
around. Hence Sym(X) forms a group under composition:

Definition 1.33 Let X be a (finite or infinite) set. The group
Sym(X), of all permutations ¢: X — X, is the symmetric group
on X.

If X = {1,...,n} is a finite set consisting of n elements, we call
Sym(X) the symmetric group on 1 objects, and denote it S,.

If X is an infinite set, then Sym(X) will also be infinite. But if X is
finite, then there are only finitely many distinct ways of rearranging
the elements of X, and so S, has finite order:

Proposition 1.34 The finite symmetric group S, has order n!. l

Proof A permutation of the set X = {1,...,n} is completely deter-
mined by how it maps the numbers amongst themselves. There are
n choices for where 1 maps to, then (n—1) choices for where 2 goes
(since it can map to any of the remaining numbers except for the
one we mapped 1 to), then (1—2) possible choices for where 3 maps
to, and so on. So |S,| = n(n—1)(n—2)...1 = n! as claimed. O

More generally, we have the following fact:

Proposition 1.35 Let X and Y be two sets with |X| = |Y|. Then
Sym(X) & Sym(Y).

To help us work with permutations, we would like a consistent
notation. We have a couple of options.

One approach is that since o: X — X is determined completely by
its action on the elements of X, we can represent it as an array:

1 2 ... n
c(l) o(2) ... o(n)
The first row lists the elements of X and the second lists their images
under the action of ¢. So, suppose that ¢ € S5 maps

1—1, 2+ 3, 3+ 5, 4+ 4, 5 2.
Then we can represent ¢ by the array

12345
1 35 4 2|°



Suppose that we have another permutation T € S5 such that

1—2, 214, 35, 41, 5+ 3.
Then T can be represented by the array
12345
2 451 3|

We can represent composition quite easily by stacking the arrays on
top of each other:

012345
13542 12345
TO = e
1 2 3 4 5 [25314]
7{24513]

In general, composition isn’t commutative, so we have to be careful
of the order.”* For example,

[12345]

24513 1 2 3 45

o= 12345:[34215}7&“7
‘7{13542]

This notation is quite clear, and makes it easy to work out the
composite of two permutations, but it becomes unwieldy with
larger numbers of permuting objects. It also doesn’t really tell us
much about the internal structure of the permutation.

For example, ¢ leaves 1 and 4 unchanged, but maps 2 — 3,3 +— 5
and 5 — 2. So repeated applications of ¢ leave 1 and 4 where they
are, while 2, 3 and 5 cycle amongst themselves. We can depict all
this graphically (see Figure 1.3).

Ideally, however, we want a more compact notation that will enable
us to see the permutation’s internal structure. The key is to split
the permutation into disjoint cyclic subpermutations. For example,
the three-element cycle in ¢ can be written as (2,3, 5), because each
element in the list maps to the next one along, wrapping back round
to the beginning. The fixed elements 1 and 4 could be written as
single-element cycles (1) and (4), but by convention we usually
just omit these for conciseness. So the ordered list (2,3,5) encodes
everything we need to know about the permutation c.

Definition 1.36 Let X be a set, and suppose that xi,...,x; are
distinct elements of X. The cycle (x1,...,x;) denotes the permu-
tation ¢ € Sym(X) such that:

@  ¢(x) =x1 for1 <i <k,
(i)  ¢(xx) = x1, and
(i) ¢(y) =yforally € X\ {xy,..., x¢}.

Similarly, we can write
T=(1,2,4)(3,5), o =(1,2,5,4), ot =(1,3,2,4).

The permutation T consists of two nontrivial cycles (1,2,4) and
(3,5), which don’t interact with each other: they act on disjoint
subsets of elements. In fact, we can write any permutation as a
product of disjoint cycles:

GROUPS 13

> Because we regard permutations as
bijections, and the product operation as
being composition, we write products
from right to left, rather than left to right.
So 7o means ¢ followed by 7. Stacking
the arrays vertically, we read down the
page, so ¢ means o followed by .

@

O —®@

o
@
@ @ ®
@%@
© D
@
@& /}(/@
@ O
Figure 1.3: Graphical depictions of per-
mutations ¢, T, T and 0T in Sg
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Proposition 1.37 Any permutation o € Sy, can be written as a product

of disjoint cycles.

Proof We will prove this by giving a well-defined procedure for
decomposing a given permutation into disjoint cycles:

Open parentheses (.

Write down the first element 1.
Write down o (1).

Write down ¢2(1) = o (o (1)).

e When we get back to 1, close parentheses ).

Now repeat this process, but instead of starting with 1, start with
the smallest integer not yet seen. Continue until all integers 1,...,n
have been written down. Then delete all single-element cycles.
What remains is a product of all the disjoint cycles in . ]

It isn’t immediately obvious how to multiply permutations together,
but with practice it turns out to be easier than it might appear.
Example 1.38 Let o = (2,3,5) and 7 = (1,2,4)(3,5). We calcu-
late T as follows:

o1 = (2,3,5)(1,2,4)(3,5)

Start with 1, and read through the list of cycles from right to left,
applying each one in turn until you’'ve done them all:

141124 235)

Now do the same process, but starting with the number (in this
case 3) that you ended up with last time:

3)_25124 2352

Now do it again, and again, until you end up back at 1:

242124 235)

4 38 4(124)1(2&’591

This gives the first disjoint cycle (1,3,2,4). Now repeat this pro-
cess with the smallest number (in this case 5) not yet seen:

5 85 5 (124) 5 285

Thus 5 is unchanged by 07, so our next cycle is (5), except that
by convention we omit length-1 cycles. Since all of the numbers
1,...,5 are now accounted for, we are done, and 07 = (1,3,2,4).

Now we introduce a couple of definitions that will be useful later.

Definition 1.39 Let ¢ = (xy,...,xx) be a finite permutation in
some (possibly infinite) symmetric group Sym(X). Then ¢ has
length or periodicity I/(c) = k. This is equal to the order of the
element ¢ in Sym(X). A cycle of length 2 is called a transposition.




It’s probably about time we looked at a few concrete examples.

Example 1.40 The symmetric group S3 has 3! = 6 elements.
These are:

 The identity permutation : = ( ).
e Three transpositions (1,2), (1,3) and (2, 3).
e Two 3—cycles (1,2,3) and (1, 3,2).

Example 1.41 The symmetric group S4 has 4! = 24 elements.
These are:

 The identity permutation : = ( ).
* Six transpositions:

(1,2) (1,3) (1,4) (2,3) (2,4) (3,4)

Eight 3—cycles

(1,2,3) (1,2,4) (1,3,4) (2,3,4)
(1,3,2) (1,4,2) (1,4,3) (2,4,3)

Three double transpositions:

(1,2)(3,4) (1,3)(2,4) (1,4)(2,3)

Six 4—cycles:

(1,2,3,4) (1,3,2,4) (1,4,2,3)
(1,2,4,3) (1,3,4,2) (1,4,3,2)

It turns out that every finite permutation can be written as a product
of transpositions, although these transpositions need not be disjoint.

Proposition 1.42 Let 0 € Sym(X) be a finite permutation in some
(possibly infinite) symmetric group Sym(X). Then o can be written as
a product of (not necessarily disjoint) transpositions.

Proof We know from Proposition 1.37 that any finite permutation
o € Sym(X) can be written as a product of disjoint cycles. We will
now show that any finite-length cycle can be written as a product
of transpositions (that is, length—2 cycles).

Consider a cycle (x1, ..., x;). Then this can be written as

(x1,- 0 2) = (x1, %) (%1, X6-1) - - - (%1, %3) (%1, X2).

Doing this for each of the (disjoint) cycles in ¢ yields a product of
(not necessarily disjoint) transpositions. O

l Corollary 1.43 The transpositions in S, generate S.

So, we can decompose a finite permutation into a product of disjoint
cycles, and this decomposition is unique up to a certain amount of
reordering. But the decomposition into transpositions isn’t neces-
sarily going to be unique. It’s not even the case that two different
decompositions will have the same number of transpositions. But
we can at least talk about the parity of the number of transpositions:

GROUPS
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5 Try to convince yourself that this is
true, perhaps by looking at a few exam-
ples.

Definition 1.44 Let ¢ € Sym(X) be a finite permutation in a
(possibly infinite) symmetric group Sym(X). We say ¢ is even if it
can be written as a product of an even number of transpositions,
and odd if it can be written as a product of an odd number of
transpositions.

In order for this to make sense, we need the following;:

Proposition 1.45 Let o € Sym(X) be a finite permutation on some
set X. Then o is either even or odd, but not both.

What this says is that we can separate finite permutations into two
types, depending on whether they decompose as an odd or even
number of transpositions. We’ll omit the proof because it’s not very
illuminating and would be a bit of a digression at this point.

But now consider two permutations ¢ and 7. If both are even, then
their product will also be even. If one is even and one is odd, then
their product will be odd. And if both are odd, then their product
will be even.’> What this means is that the set of even permutations
in Sym(X) is closed under composition. This gives us another
important subfamily of permutation groups:

Definition 1.46 Let X be a (possibly infinite) set. Denote by
Alt(X) the group of even permutations of X. This is the alternat-
ing group on X.

If X ={1,...,n} then we will usually denote Alt(X) by A,.

We end this chapter with the observation that a cycle of length k, for
k > 2, is an even permutation if k is odd, and an odd permutation
if k is even. So, in particular, 3—cycles are even permutations.

Example 1.47 The alternating group Az consists of the identity
permutation ¢ = ( ) and the two 3—cycles (1,2,3) and (1,3,2).

Example 1.48 The alternating group A4 consists of the identity
permutation ¢ = ( ), the eight 3—cycles

(1,2,3) (1,2,4) (1,3,4) (2,3,4)
(1,3,2) (1,4,2) (1,4,3) (2,4,3)

and the three double transpositions

(1,2)(3,4) (1,3)(2,4) (1,4)(2,3)

Notice that in both of these cases, |A,| = |S,|. This happens to be
true for all n € IN, and the proof is left as an exercise.



2 Subgroups

IF WE LOOK CAREFULLY at the Cayley tables of some of the groups
we met in the last chapter, we can see some interesting internal
structure. The dihedral group D3, for example, has an obvious block

consisting of just the identity and the two rotations (see Table 2.1).

We could throw away the three reflections and still be left with
a perfectly respectable group (which in this case happens to be
isomorphic to Z3). Or, we could throw away everything except
the identity e and one reflection (1, say) and still have an order—2
group isomorphic to Z; (see Table 2.2).

2.1 Definitions, examples and elementary properties

We’ll start with a definition.

Definition 2.1 Let G be a group. A subset S C G is a subgroup
of G if it forms a group under the same operation as G. We denote
this by H < G.

Subgroups inherit their identity elements from their parent groups:

Lemma 2.2 If H is a subgroup of a group G, then the identity element
1y is equal to the identity element 1 of G.

Proof For every h € H we have 1ch = h by the definition of the
identity in G. Applying Lemma 1.15 (i) to the group H, it follows
that 1 H = 1G- O

We can use the following proposition as a method for checking
whether a given subset is actually a subgroup.

Proposition 2.3 Let H be a nonempty subset of a group G. Then

H < G if and only if:

(i)  H is closed under the group operation, that is, hihy € H for all
hi,hy, € H; and

(i)  H contains all required inverses, that is h~' € H forall h € H.

Proof The subset H is a subgroup of G if and only if the four group
axioms (Go)—(G3) hold." Two of these, the closure axiom (Go) and
the inverse axiom (G3) are conditions (i) and (ii) of the lemma, and
so if H is a subgroup then conditions (i) and (ii) must hold.

Conversely, suppose that (i) and (ii) hold. Then we need to show
that the associativity axiom (G1) and the identity axiom (Gz2) also
hold in H. The first of these is simple: since the inherited operation
is associative in G, it must also be associative in H because H is

The reader will find no figures in
this work. The methods which I set
forth do not require either construc-
tions or geometrical or mechanical
reasonings: but only algebraic op-
erations, subject to a regular and
uniform rule of procedure.

— Joseph-Louis Lagrange
(1736-1813),

preface to Mécanique Analytique
(1788)

r - mp mp ms

my my m3
r e msz mq np
e r mp mz mp
myimy my m3z e r 7‘2
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Table 2.1: The multiplication table for
the dihedral group D3 with the sub-
group {e,r,7*} highlighted

r 1’2 mq mp ms3
ror2 mg my ms
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e 1 mp ms3 mqp
2

= 0N
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T
my|\mq mpy ms e r r

2 e r
2

r

Mmyp|myp ms niy r

msimsz mp mpy v r e

Table 2.2: The multiplication table for
the dihedral group D3 with the sub-
group {e, m } highlighted

* Definition 1.2, page 2.
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a subset of H. And since H is nonempty, it must contain at least
one element h. By condition (ii) it must also contain the inverse
h—1 of h, and then hh~1 = 1, which must also belong to H by the
closure condition (i). Hence the identity condition (G2) holds in H
and therefore H is a subgroup. O

Having introduced the concept and proved a couple of basic facts,
it’s time to look at some examples.

Example 2.4 Let G be any group. Then G is a subgroup of itself.
Also, the trivial subgroup {1}, consisting just of the identity,
is also a subgroup of G. Subgroups other than G are called
proper subgroups, and subgroups other than {1} are said to be
nontrivial.

Example 2.5 The nonzero real numbers R* form a subgroup of
the multiplicative group C* of nonzero complex numbers. An-
other subgroup of C* is the one consisting of all the complex
numbers z € C such that |z| = 1.

Example 2.6 The matrix groups SL,(R), O,(R) and SO,(R) are
all subgroups of GL,(R), and furthermore SO, (IR) is a subgroup
of Oy (R).

Example 2.7 If g is any element of a group G, then we define the
cyclic subgroup generated by g to be

(g) = {g" : ke z}.

Let’s look at this example in more detail. For example, if G = Z,
then the subset

52 ={5n:neZ},
consisting of all integer multiples of 5, is the cyclic subgroup gener-
ated by 5.
If G = (g) is a finite cyclic group of order n, and m is a positive
integer dividing n, then the cyclic subgroup (¢™) has order n/m
and consists of the elements gmk forO<k<n/m.

Example 2.8 Let X be a set. The alternating group Alt(X) is a
subgroup of the symmetric group Sym(X). And if X is a finite
set with n elements, we have A, < S,,.

We end this section with another basic fact: intersections of sub-
groups are subgroups.

Proposition 2.9 Let G be a group, and suppose that H and K are both
subgroups of G. Then their intersection HNK is also a subgroup of G.

Proof Since H and K are subgroups of G, they must both contain
the identity 1. Hence 15 € HNK # @.

Having shown that HNK is nonempty, we can apply Proposition 2.3.
Let a,b € HNK be arbitrary elements. Since a,b € H and H is
a subgroup, their product ab must also lie in H. Similarly, since
a,b € K, by closure ab € K. Hence ab € HNK and so HNK is closed
under the group operation.

Now consider 2 € HNK. Since a € H and H is a subgroup, the



inverse a—! also lies in H. And since a € K it follows that 2~ ! € K.
Therefore a—! € HNK, and hence HNK < G. O

In the previous chapter, we spent some time studying permutations.
One reason for this is the following important result, which says
that every group can be regarded as a permutation group.

Theorem 2.10 (Cayley’s Theorem) Any group G is isomorphic to
a subgroup of Sym(X) for some set X.

Proof For every element ¢ € G we define the function A¢: G — G
by A¢(h) = gh for all i € G. In the special case where ¢ = 1, the
function A; is just the identity map on G.

More generally, A is a bijection G — G and hence a permutation
on G. In other words, A; € Sym(G).

The injectivity of A, follows from the left cancellation law:* if
Ag(h) = Ag(k) for some h,k € G, then this means that gh = gk,
whence h = k.

To prove surjectivity of A¢, given some i € G we want to find some
k € G such that h = Ag(k). But this is the same as saying h = gk,
from which we see that k = g~ 'h, and so Ag(k) = ¢¢~'h = h.
Therefore A, is a bijection, and thus a permutation of G.

Let S = {A; : ¢ € G}. We now want to show that this subset
S C Sym(G) is actually a subgroup of Sym(G), and furthermore
that it’s isomorphic to G itself. The group operation in S is just the
usual composition operation inherited from Sym(G).

This set S is nonempty, so we can apply Proposition 2.3. First we
check the closure condition. Given g, 1,k € G, we have

(AgoAn) (k) = Ag(An(k)) = Ag(hk) = g(hk) = (gh)k = Agn(k)

and since for any g, € G the product gh € G so the permutation
Agp also lies in S. So § is closed under composition.

Now we need to show that S contains all required inverses. The
function A; is just the identity map on G, and hence the identity
permutation ¢ € Sym(G). So the inverse A, ! is the permutation Ay,
such that

Aho)\g = )Ll = Ago/\h

But we know from the previous paragraph that Agod;, = Agy, so
what we're really looking for is & € G such that hg = 1. That is,
h= gfl, and hence Agl = Ag—l.

So S is nonempty, closed under composition, and contains both
an identity element and a full set of inverses, and is therefore a
subgroup of Sym(G). All we need to do now is show that S =
G, which requires us to find a bijection f: G — S satisfying the
structural condition in Definition 1.24.

The obvious candidate for this isomorphism f is the map that takes
an element ¢ to its corresponding permutation Ay € S. So define
f(g) = Ag forall g € G.

This map f is injective: suppose that f(g) = A¢ = Ay, = f(h) for
some g, i € G. Then it follows that Ag(k) = gk = hk = A (k) for all
k € G, and by the left cancellation law it follows that g = h.

SUBGROUPS
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Surjectivity follows from the definition of S: for any A¢ € S there
exists ¢ € G such that f(g) = A,.

ThusHence f is a bijection, and all that remains is to check the
structure condition:

f(g)of(h) = Agody = Agy = f(gh).
Hence f is the required isomorphism G = S < Sym(G). O

2.2 Cosets and Lagrange’s Theorem

In the proof of Cayley’s Theorem, we introduced bijections A¢: G —
G for all ¢ € G. Since they are bijections, we have A¢(G) = G in all
cases. But what happens if we choose a subgroup H < G and look
at the various images A¢(H) as g varies throughout G?

Well, it turns out that
A¢(H) ={gh:hec H} CG.

Let’s look at a concrete example.

Example 2.11 Let R3 = {¢, 7,72} C D3. Then we have:
Ae(R3) = {e,r,7*} =R3,  Aw,(R3) = {my,my, m3} = D3\ R3,
A(R3) = {r,7?,e} =Rs,  Awy(R3) = {mp, m3,my} = D3\ Ry,
/\rz(R3) = {1’2,6,1’} = Rg, /\m3(R3) = {m3,m1,m2} = D3 \ Rg.

So the action of the permutations on the subgroup Rj3 partitions
D3 into two distinct subsets: Rj itself and its complement D3\ R3.

These subsets are going to be important, so we’ll give them a special
name:

Definition 2.12 Let G be a group, let H < G be a subgroup of G,
and let ¢ € G. Then the left coset of H determined by g is

¢H={gh:he H}

and the corresponding right coset is

Hg ={hg:h e H}.

In the case of additive groups, we usually denote the cosets by g+ H.
Note that it is always the case that g lies in gH and Hg, because
since 1 € H we have ¢ = ¢l € gH and ¢ = g1 € Hg.

Proposition 2.13 Let G be a group, let H < G, and suppose that
8,k € G. Then the following statements are equivalent:

(i kegH,

(i) gH =kH,

(iii) ¢ 'ke H.

Proof First we show that (i) = (ii). Suppose that k € gH. Then
k = gh for some fixed h € H. Multiplying on the right by h~!
gives ¢ = kh™!. Let x € ¢gH. Then for some h; € H we have
x = ghy = kh'hy € kH, so gH C kH. Similarly, if x € kH then



for some hy € H we have x = khy, = ghh, € gH, so kH C gH, and
hence kH = gH.

Showing that (ii) = (i) is fairly straightforward. Suppose that
gH = kH. Then k = k1 € kH = gH, so k € gH.

Now suppose that k € gH. Then again, k = gh for some fixed
h € H, and multiplying on the left by ¢~! gives ¢~k = h € H, so
(i) = (iii).

Finally, if ¢~ 'k € H, then putting h = ¢~ 'k we have ¢h =k, so k €
gH. Hence (iii) = (i), and all three conditions are equivalent. [J
We saw in the example above that the rotation subgroup Rz =

{e, 1, rz} has two cosets in D3, namely Rj itself and its complement.
What about another subgroup?

Example 2.14 Let H = {¢,m1} < D3. Then the left and right
cosets of H in D3 are as follows:

eH =myH =H, He = Hmq1 = H,
rH = m3H = {r,m3}, Hr = Hmp = {r,my},
r’H = myH = {r?, my}, Hr* = Hms = {r?, m3}.

There are two things to notice here. The first is that the left cosets
neatly partition D3 into three disjoint subsets, and so do the right
cosets. We'll look at this behaviour now. The other thing to notice
is that the left cosets of H aren’t necessarily the same as the right
cosets of H, although this was the case when we looked at R3 a
little while ago. We'll investigate this in the next chapter.

Corollary 2.15 Two left cosets g1H and goH of H in G are either
equal or disjoint.

Proof If g1 H and g, H aren’t disjoint, then there exists some element
k € g1tHNgH. But then k € g1H so kH = g1H, and also k € ¢>H,
so kH = goH. Hence g1H = kH = g H. O
This immediately implies the following;:

| Corollary 2.16 The left cosets of H in G partition G. |

Proposition 2.17 Let G be a group, and H a finite subgroup of G. All
left cosets of H have exactly |H| elements.

Proof Let ¢ € G and define f: H — gH by f(h) = gh. This is
injective, since for any hy,hy € H with f(hy) = f(hy) we have
ghy = ghy, and the cancellation law3 then implies that iy = hy. And
f is surjective, since for any k € gH there must be some h € H
such that k = gh, and then f(h) = k. Therefore f is a bijection, and
[H| = [gH|. N
We now have all the ingredients to prove the following important
theorem:

Theorem 2.18 (Lagrange’s Theorem) Let G be a finite group and
H a subgroup of G. Then the order or H divides the order of G.

Proof By Corollary 2.16, the left cosets of H partition G. That
is, G = Ugec §H, and either g1H = ¢,H or g1HNgH = @ for

SUBGROUPS
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all g1,¢2 € G. And Proposition 2.17 tells us that all the left cosets
(including 1H = H itself) have the same number of elements. Hence
the order of G must be a multiple of the order of H. O

Definition 2.19 The number of distinct left cosets of H in G is
called the index of H in G, and is denoted |G : H]|.

Another version of Lagrange’s Theorem is as follows:

Theorem 2.20 Let G be a finite group and H a subgroup of G. Then
Gl = |H|- |G : HI.

Proposition 2.21 Let G be a finite group. Then for any g € G, the
order |g| of g divides the order |G| of G.

Proof Suppose that |¢| = n. Then recall from Example 2.7 that the
powers {g* : k € Z} of ¢ form a finite subgroup of G; this is the
cyclic subgroup (g) generated by ¢. But (g) = {¢": 0 < i < n}
and so |(g)| = |g| = n. By Lagrange’s Theorem, the order of any
subgroup of a finite group G must divide the order of G. Hence n
must be a factor of |G]. O

Joseph-Louis Lagrange (1736-1813)

Lagrange’s Theorem provides a necessary condition on the order
of a subgroup of a finite group. It says that if H is a subgroup of
a finite group G, then |H| must divide |G|. But this condition is
not sufficient. Even if some integer k divides |G|, it doesn’t mean
that G actually has a subgroup with that many elements. The
smallest counterexample concerns the alternating group Ay, which
has order 12 but doesn’t have a subgroup of order 6, even though

+Proposition 6.33, page 60. 6‘ 12.4

5 This proof is a slightly expanded ver-  The following theorem provides a partial converse, however:>

sion of the elegant ten-line proof in the ~ —

following article: Theorem 2.22 (Cauchy’s Theorem) Let G be a finite group of order
James H. McKay, Another Proof of |G| = n. If p is a prime factor of n, then G contains a nontrivial element
Cauchy’s Group Theorem, The American (gnd hence a CyCliC Subgroup) Of order p.

Mathematical Monthly 66.2 (1959) 119.

Proof Let

S={(81,---,8p):81,---,§p€Gand g...gp = 1}.

This set has n”~1 members, since we have 1 choices for each of the

elements g1,...,¢,-1, and then g, has to be (g1...8,-1) "

We define an equivalence relation on S as follows: consider two
ordered p—tuples in S to be equivalent if one is a cyclic permutation
of the other.

If all of the elements in a given p—tuple are the same (that is, if it is
of the form (g, ..., g) for some g € G) then it is the only element in
its equivalence class. And if a given p-tuple has at least two distinct
elements then that equivalence class contains exactly p members.

| emRS— So each of the equivalence classes determined by this relation con-
Augustin-Louis Cauchy (1789-1857) tain either a single element, or p elements.
Let r denote the number of elements g such that g” = 1. Then r is
the number of equivalence classes with exactly one member. Let s

be the number of equivalence classes with exactly p members. Then



r+sp = n?P~1 = |S|. We know that p|n, so p|n”~!, and obviously
plsp. So it must be the case that p|r as well.

Finally, we know that r > 0 since at the very least (1,...,1) € S, as
17 = 1. And since p|r there must be at least one other single-element
equivalence class comprising a p—tuple (g,...,g) for ¢ # 1. Then
g? =1 and so |g| = p. The cyclic subgroup (g) generated by this
element has exactly p distinct elements. O

We'll finish with a nice application of Lagrange’s Theorem:

Proposition 2.23 For any n,r € Z such that 0 < r < n, the binomial
coefficient () = (rlf—r'),r, is an integer.

Proof Recall from Proposition 1.34 that |S,| = n!. Now let H be the
subgroup of S, consisting of permutations in which the first r ele-
ments are permuted amongst themselves, and the remaining (n—r)
elements are permuted amongst themselves. This is a subgroup
of Sy: it is nonempty, closed under composition, and contains all
required inverses. And |H| = r!(n—r)! because there are r! possible
permutations for the first r elements, and (n—r)! possible permu-
tations of the remaining (n—r) elements. By Lagrange’s Theorem,
|H| must divide |S,|, and hence (") must be an integer. O

SUBGROUPS
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3 Normal Subgroups and Quotients

IF A GROUP G 1s ABELIAN, then clearly for any subgroup H < G
and element g € G, the left coset gH will be equal to the right
coset Hg, because all the elements of G commute with each other,
SO

¢H={g¢h:he H} ={hg:he€ H} = Hg.

This will sometimes happen for nonabelian groups, as we saw in
Example 2.11. But sometimes it won’t, as we saw in Example 2.14.

3.1 Normal subgroups

Not every subgroup has this property, so we’ll give a special name
to those that do:

Definition 3.1 Let G be a group. A subgroup H < G is said to
be normal in G, or a normal subgroup of G, if the left coset ¢H
is equal to the right coset Hg for all ¢ € G. We will denote this
by H < G. (We may also use the notation H <1 G if H is a proper
subgroup of G.)

Some examples:

Example 3.2 For any group G, the trivial subgroup {1} and the
group G itself are both normal subgroups of G.

Example 3.3 If G is an abelian group, then all of its subgroups
are normal.

Example 3.4 As we saw in Example 2.11, the rotation subgroup
R3 = {e,r,7*} is a normal subgroup of the dihedral group Ds.
More generally, the rotation subgroup

R, ={e,r, ...,/ 1} <D,

is normal in D,,.

The rotation subgroup R, is an index—2 subgroup of the dihedral
group Dy; that is, |Dy, : R,| = 2. It turns out that this is relevant to
its normality:

Proposition 3.5 Let G be a group. If H is a subgroup of G with index
|G : H| = 2 then H is a normal subgroup of G.

Proof Recall that we defined the index |G : H| to be the number
of distinct left cosets of H in G.* If |G : H| = 2, then one of these
cosets must be H itself, and since the cosets partition G,> the other

All parts should go together with-
out forcing. You must remember
that the parts you are reassembling
were disassembled by you. There-
fore, if you can’t get them together
again, there must be a reason. By
all means, do not use a hammer.

— IBM maintenance manual
(c.1925)

* Definition 2.19, page 22.

2 Corollary 2.16, page 21.
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must be its complement G \ H. The same applies to right cosets.
Hence, for g € G, if g € H then ¢H = H = Hg. And if ¢ ¢ H, then
gH = G\ H = Hg. In either case, gH = Hg, so H < G. [

Example 3.6 As remarked at the end of Chapter 1, |A,| = [S,/|,
and hence |S,, : A,| = 2. By the above proposition, then, A, < S,.
More generally, Alt(X) < Sym(X).

The following proposition gives an alternative (and sometimes more
useful) characterisation of normal subgroups.

Proposition 3.7 Let H be a subgroup of a group G. Then H is normal
in G ifand only if ghg™' € H forall g € G and h € H.

Proof Suppose that H < G, and suppose that g € G and h € H.
Then gh € ¢gH, and since H is normal, ¢gH = Hg, so ¢gh € Hg as
well. This means that there exists some /; € H such that gh = h;g.
Hence ghg~' = hy € H.

Conversely, suppose that ¢hg™! € H forall g € G and h € H.

Then for gh € gH we have ghg™! € H and so ghg~! = h, for some
hy € H. Then gh = hpg € Hg, so g¢H C Hg.

Now suppose that hg € Hg. Since g~! € G we also have g~ 1hg € H,
and so if we set ¢~ 'hg = h, it follows that hg = gh3 € ¢H. So
Hg C ¢H. Thus gH = Hg and so H < G. [

Now is a good time to introduce the following terminology:

Definition 3.8 Let G be a group. An element ¢ € G is conjugate
to an element & € G if there exists some k € G such that kgk~! = h.
We say also that £ is the result of conjugating ¢ with k.

So Proposition 3.7 says that H < G is a normal subgroup of G
exactly when it is closed under conjugation by all elements of G.

3.2 Quotient groups

As we saw earlier, given any subgroup H of a group G, we can
neatly split G into a collection of subsets (called cosets) all of which
are the same size. There are two ways of doing this, depending
on whether we look at the left or right cosets, but if H is a normal
subgroup of G these are the same. It turns out that (as long as H is
a normal subgroup) we can define a group structure on these left
(or right) cosets.

First, we need some notation:

Definition 3.9 Let A and B be subsets of a group G. We define
their product

AB={ab:a € A,b € B}

We'll use this notation a few times in the rest of these notes, but
right now we’re going to look at what happens if we take products
of cosets.

Proposition 3.10 Let N be a normal subgroup of a group G, and
suppose that g,h € G. Then (gN)(hN) = (gh)N.
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Proof Let gny € gN and hny € hN. Then since N is a normal
subgroup of G, we have gN = Ng, and so n1h € Nh is equal to
some element hns € hN. Hence

(gn1)(hna) = g(n1h)ny = g(hnz)ny = (gh)(n3na) € (gh)N
and so (¢N)(hN) C (gh)N

Now suppose that ghn € (¢gh)N. Then ghn = (g1)(hn) € (gN)(hN)
and hence (gh)N C (gN)(hN). Therefore (¢N)(hN) = (gh)N. O

This gives us a well-defined binary operation on the set of (left)
cosets of N in G. In fact, we can turn this into a group:

Proposition 3.11 If N is a normal subgroup of a group G, the set
G/N={gN:g€G}
of all left cosets of N in G forms a group under the multiplication

operation
(8N)(hN) = (gh)N

forall g,h € G.

Proof We've just seen that (§N)(hN) = (gh)N, so the closure re-
quirement is satisfied, and this is a binary operation on G/N. As-
sociativity follows almost immediately from the associativity in
G:

((gN)(EN))(kN) = ((gh)N)(kN) =

((ghk)N
= (g(hk))N = (gN)((hk)

N) = (¢N)((hN)(kN))

Since

N(gN) = (IN)(gN) = (1g)N = gN
= (VN = (gN)(IN) = (gN)N
the subgroup N itself serves as an identity element.
And since

(§7'N)(gN) = (§7'8)N =N = (gg")N = (§N)(s"'N),
the coset ¢~ !N is the inverse of the coset g¢N for all ¢ € G.
Therefore G/N is a group. O

Definition 3.12 Let G be a group, and N a normal subgroup of
G. The group G/N constructed in Proposition 3.11 is called the
quotient group or factor group of G by N.

Why do we need N to be a normal subgroup of G? Well, the
reason is that if N isn’t normal, the left and right cosets partition G
differently and the set G/ N doesn’t have a group structure. Table 3.1
shows the group table for D3/ R3, and we can see that we get a nice
block structure (that looks very much like the group table for Z;).
However, Table 3.2 shows the group table if we try to factor by the
non-normal subgroup H = {e, m; }, and we can see that this doesn’t
yield such a neat structure, and certainly not one that looks like the
group table for Zs.

Table 3.2: Left cosets of {e,m;} in D3

Time for some examples.
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Example 3.13 If we factor a group G by its trivial subgroup {1}
then we get a group isomorphic to G itself. That is, G/{1} = G.

And if we factor G by itself, we get a single coset consisting of the
entirety of G, and the resulting quotient group is trivial. That is,
G/G = {1}.

Example 3.14 Let G be the infinite cyclic group Z and let N =
nZ = {nk : k € Z} be the subgroup generated by a fixed positive
integer n. By Proposition 2.13 (using additive notation) we see
that the cosets i+nZ and j+nZ are equal if and only if i = j
(mod n). So there are n distinct cosets:

nZ =0+nZ, 14+nZ, ..., (n—1)+nZ

The quotient group Z/nZ. is isomorphic to Z, = {0,1,...,n—1}
via the isomorphism f: i+nZ i for 0 < i < n. We can visualise
this as wrapping the infinite set Z of integers into a circle of n
numbers: Figure 3.1 shows this for the case Z /127 = Z;,.

Figure 3.1: Wrapping Z into Z,.

Example 3.15 Suppose G = (g) = Z, is a finite cyclic group, with
|g| = n = Im composite. Let N = (g") be the cyclic subgroup
generated by ¢". This subgroup has order | = n/m and consists
of the elements {¢"* : 0 < k < I}. Since all cosets have the form
g*N for some k € Z, it follows that G/N is cyclic and is generated
by ¢N. Its order is |G/N| = |G|/|N| = n/I = m. To see this, note
that ¢'N = ¢/N if and only if ¢’/ € N, if and only if m|(i—j),
and so the distinct cosets of N in G are gkN for0 <k <m In
particular, (gN)" = ¢"N = N is the identity element of G/N,
and the order of gN is m.

3.3 Direct products

Given two groups G and H we can combine them in the following

3 There is a technical difference between way to form a new group.3
the direct sum and the direct product,

but this only becomes relevant when Deﬁnition 3.16 GlVen two groups G and H, their dil‘eCt pI‘OduCt
taking the direct sum or product of in- is formed from the cartesian product of their underlying sets
finitely many groups, which we won'’t

be doing. For finite collections of groups, . .

the two concepts are equivalent, so we GxH = { (g/ h) -8 S G/ h S H}

will use them interchangeably, largely

dependent on whether the groups in with the group operation
question are using multiplicative or ad-
ditive notation.

(81, 11) (82, h2) = (8182, Mh2).

If G and H are additive groups, we might instead refer to the
direct sum
G®H ={(g,h) : g€ G, he H}

with group operation
(81,M) + (82, h2) = (81482, hi+h2).

As an exercise, prove that this is a group.

The two component groups of a direct product form normal sub-
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groups:

Proposition 3.17 Let G and H be groups. Their direct product Gx H
has a normal subgroup isomorphic to G and a normal subgroup isomor-
phic to H. Furthermore, GxH/G = H and GXxH/H = G.

Proof First, consider the subset S = {(g,1) : ¢ € G} C GxH.
This is nonempty, since 1gxy = (1,1) € S. It is closed under
multiplication, since (g1,1)(g2,1) = (g182,1) € S. And it contains
all necessary inverses, since if (¢,1) € S then (¢~!,1) € S as well,

and (g,1)(7",1) = (87, 1) = (1,1).

Hence S < GxH, and S = G by the map f: S — G given by
flgl) =g

For any (g,1) € S and (k, ) € GxH we have

(k1) (8, 1) (k1) ™1 = (k, ) (g, 1) (k™ 1)
= (kgk™1,n1ih™1) = (kgk™1,1) € S,
so S I GxH.
Consider the quotient Gx H/S. This comprises cosets of the form

(kh)S = {(kh)(g1):g € G} ={(kg,h) : g € G}.
We can define a map f: GxH/S — H by (k,h)S — h. This is
injective, since if f((k1,h1)S) = f((ka, h2)S) then hy = hy, and so
(k1,h1)S = (ka,h)S. And it is surjective since for any h € H we

have f((1,h)S) = h. It satisfies the structural condition since for
any (kq,h1)S and (kp, h2)S we have

f((k1, h1)S(ko, h2)S) = f((kika, hiha)S)
= lnhy = f((ki,1)S)f((k2, h2)S).
Thus f is an isomorphism GxH/S = H. We might write this as
GxH/H = H without ambiguity.

By a very similar argument, G x H has a normal subgroup isomor-
phic to H, and the corresponding quotient is isomorphic to G.  [J

The following proposition gives us sufficient conditions for a group
to be isomorphic to the direct product of two of its subgroups.

Proposition 3.18 Suppose H,K < G are two subgroups of a group
G, such that HNK = {1}, every element of H commutes with every
element of K (that is, hk = kh for all h € H and k € K) and HK = G.
Then G = HxK.

Proof Let f: HxK — G with f(h,k) = hk forall h € H and k € K.
Then if hy,hy € H and kqy, k> € K, we have

f((h1,k1)(h2, k2)) = f(hiho, kika) = hihokiks
= hikihoky = f(h1, k1) f (ho, ko).
So f satisfies the required structure condition. It is surjective, since

G = HK, and so any element of G can be expressed as a product
hk = f(h, k), which is the image of an ordered pair in H xK.

All we need to show now is that f is injective. Suppose that
f(h1,k1) = f(hy,ky). Then hik; = hoka, and so hy'hy = koki ™.
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But the terms on the left hand side of this expression belong to
H, while the terms on the right hand side belong to K. So both
hy'hy and kok;! belong to the intersection HNK = {1}, and so
hz_lhl = kzkl_1 = 1. Then hy = hp and k; = ky, so f is injective, and
hence the required isomorphism. Thus G = H xK. O

This is sometimes called the internal direct product of H and K.
We can use this result to provide an alternative viewpoint on the
Klein group Vj:

Proposition 3.19 The Klein group Vj is isomorphic to the direct prod-
uct ZoxX 2.

Proof Let G = V; = {e,a,b,c} be the Klein group. Let H = {¢,a}
and K = {e, b} be two subgroups, both clearly isomorphic to Z,.
Then HNK = {e}, and since G is abelian, every element of H com-
mutes with every element of K. Furthermore, HK = {e,a,b,c} = G,
and thus V, & Z,x7Z, as claimed. O

We will end this chapter with an important fact about direct prod-
ucts of finite cyclic groups.

Proposition 3.20 Z,,xXZy, = Zuy, if and only if ged(m, n) = 1; that
is, if m and n are coprime.

Proof The key is to examine the subgroup ((1,1)) of Z,,xZ, gen-
erated by the element (1,1, ). Since both m and n are finite, the first
coordinate will cycle back round to 0 after m additions, while the
second will do so after n additions.

Suppose that m and n are coprime. Then after m additions, the
first coordinate will be 0 but the second won’t. Similarly, after
n additions the second coordinate will be 0 but the first won't.
To get back to (0,0) we need to add (1,1) to itself a number of
times that contains both m and n as factors. The smallest such
number is the least common multiple lem(m, n). Since m and n
are coprime, lem(m, n) = mn and so this subgroup ((1,1)) has mn
distinct elements. But |Z,, xZ,| = mn too, so (1,1) generates the
entirety of Z,,xZ,. So Z, xZy is cyclic, and hence isomorphic to
Z.un by Proposition 1.28.

To prove the converse, suppose that ged(m,n) = d > 1. Then both
m and n are divisible by d, and so lecm(m, n) = ™. This means that
the subset ((1,1)) has %' elements and hence can’t be isomorphic
to Zuu, but instead is isomorphic to Z,,, .

In fact, no element (a,b) € Z,,xZ, can generate the entire group,
since

(a,b)+---+(a,b) = ("a, 2b) = (4ma, 4nb) = (0,0).

So ZxZ, isn’t cyclic and can’t be isomorphic to Z,;. []



4 Homomorphisms

EARLY IN THE FIRST CHAPTER, we introduced the concept of an
isomorphism, a structure-preserving bijection between groups.
Now we will generalise this notion, dropping the bijectivity require-
ment.

4.1 Structure-preserving maps

We start with the following definitions:

Definition 4.1 Let G and H be groups. A function f: G — H is
a homomorphism if, for all g1, ¢ € G we have

f(8182) = f(81)f(&2)-

In addition, we have the following types of homomorphism:

* An injective homomorphism is called a monomorphism; that is,
if £(81) = f(g2) only when g = g».

¢ A surjective homomorphism is called an epimorphism; that is, if
for all 1 € H there exists some ¢ € G with f(g) = h.

¢ A homomorphism f: G — G from a group to itself is called an
endomorphism.

¢ An isomorphism is a bijective homomorphism.

* A bijective endomorphism (that is, an isomorphism from a group
to itself) is called an automorphism.

Homomorphisms behave properly with respect to the group opera-
tion, and as a consequence they also respect identities and inverses:

Proposition 4.2 Let G and H be groups, and suppose that f: G — H
is a homomorphism. Then f(1g) = 1y, and f(g7') = f(g)~! for all
g€G.

Proof First, suppose that f(1g) = h € H. Then
Iuh =h=f(lc) = f(lclc) = f(1c)f(1c) = hh,

and so h = 1 by the cancellation law."
Secondly, if ¢ € G and f(g) = h, then

flef(®) =Ffg7'8) = flc) =1u=h"h=f(g) ' f(9),
so f(g7!) = f(g)~!, again by the cancellation law. O

Now for some examples of homomorphisms.

In the judgment of the most
competent living mathematicians,
Fraulein Noether was the most sig-
nificant creative mathematical ge-
nius thus far produced since the
higher education of women began.
In the realm of algebra, in which the
most gifted mathematicians have
been busy for centuries, she discov-
ered methods which have proved of
enormous importance in the devel-
opment of the present-day younger
generation of mathematicians.

— Albert Einstein (1879-1955),
letter to the New York Times,

5 May 1935

Structures are the weapons of the
mathematician.

— attributed to Nicolas Bourbaki
(1934-)

* Proposition 1.14, page 5.
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Example 4.3 For any group G there exists an identity homomor-
phism id: G — G given by id(g) = g for all ¢ € G.

Example 4.4 For any groups G and H there exists a trivial or
zero homomorphism z: G — H given by z(g) = 1y forall ¢ € G.

Example 4.5 Let k € G be some fixed element of a group G. Then
for any g,h € G we have

(kgk™ 1) (khk ™) = kg (k™ k)hk ™ = k(gh)k ™,

so the map fi: G — G given by fi(g) = kgk~! is a homomor-
phism from G to itself.

In fact, it is an isomorphism. If f;(g) = fx(h), then kgk—! = khk~!
and the cancellation laws imply that ¢ = h, so it is injective.
And it is surjective, since for any & € G we have fi(k 1hk) =
kk~hkk=! = h.

If G is abelian, then f; is the identity homomorphism, since
fi(g) = kgk™! = kk~'¢ = g for all ¢ € G. So these conjuga-
tion homomorphisms (or conjugation automorphisms) are only
interesting when G is nonabelian.

Example 4.6 Let R* be the multiplicative group of nonzero real
numbers, and consider the map f: GL,(R) — R* defined by
f(A) = det(A) for all nonsingular n xn real matrices A € GL,(R).
Recall from linear algebra that the determinant has a multiplica-
tive property: det(AB) = det(A) det(B) for any A, B € GL,(R).
It is therefore a homomorphism.

Inclusion of a subgroup into its parent group is a homomorphism:

Example 4.7 Let H be a subgroup of a group G. Then the in-
clusion homomorphism i: H — G is defined by i(h) = h € G.
Sometimes we denote this with a hooked arrow: i: H — G.

More generally, suppose that G = G; x - - - X Gy is a direct prod-
uct of n groups. Then the canonical inclusion homomorphism
ik: Gk — G is defined by lk(g> = (1(;1,. . "1Gk—1’g’1Gk+1" . .,1(;}4)
forl <k<n.

These homomorphisms are injective.

And the projection of a direct product onto one of its factors is also
a homomorphism:

Example 4.8 Let G = Gy X --- X G, be a direct product of n
groups. The canonical projection homomorphism p;: G — Gy
given by pr(g1,---, 8k ---,8n) = Sk is a homomorphism for all
81€Gy,...,8n € Gy,and 1 <k < n.

These homomorphisms are surjective.

Composites of homomorphisms are homomorphisms:

Proposition 4.9 Let G, H and K be groups, and suppose that ¢: G —
H and ¢: H — K are homomorphisms. Then the composite map
po¢: G — K is also a homomorphism.




Proof Suppose that g1,¢2 € G. Then

(pod)(8182) = Y(P(8182))
= P($(81)9(82))
= 9(¢(81))¥(P(g2))
= (o) (g1)(Yog)(82)

and so Po¢ is also a homomorphism. 0

4.2 Kernels and images

In linear algebra we meet the concepts of the kernel or null space
of a linear map, and also the image or column space. Now we
formulate and study the analogous concepts for groups.

Definition 4.10 Given a homomorphism f: G — H, we define
the image of f to be the set

im(f) ={f(g): g€ G} CH.

The image of a linear map is a subspace of the codomain, and we
have a similar situation for the image of a group homomorphism:

Proposition 4.11 Let f: G — H be a homomorphism. Then im(f) is
a subgroup of H.

Proof First, recall from Proposition 4.2 that f(1g) = 1, so 1y €
im(f) and hence im(f) is nonempty.

Now suppose that /1, hy € im(f) C H. Then there exist g1,42 € G
such that 1y = f(g1) and hy = f(g2). And

hihy = f(g1)f(82) = f(g182) € im(f).

By Proposition 4.2 again, we have f(g)~! = f(¢~!) € im(f). Hence
by Proposition 2.3, im(f) is a subgroup of H. O

Definition 4.12 Given a homomorphism f: G — H, we define
the kernel of f to be the set

ker(f) ={g€G:f(g) =1} € G.

There is an important link between kernels and injective homomor-
phisms: a homomorphism is injective exactly when it has trivial
kernel.

Proposition 4.13 Let f: G — H be a homomorphism. Then f is
injective if and only if ker(f) = {1}.

Proof Since 1 € ker(f), if f is injective then it must be the case
that ker(f) = {1g}. If ker(f) contains anything else, then that
would mean there is more than one distinct element that maps to
1y, contradicting the injectivity of f.

Conversely, suppose that ker(f) = {15}, and let g1,¢2 € G with

f(g1) = f(g2). Then 1y = f(g1)‘1f(gz) = f(gl_lgz). Hence
1 1g2 € ker(f) and so 1 1g2 = 1, which implies that g1 = ¢o.
Hence f is injective. O
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Emmy Noether (1882-1935)

The image of a homomorphism is a subgroup of the codomain.

What about the kernel? The following result answers this ques-

tion: kernels are normal subgroups, and all normal subgroups are

kernels.

Proposition 4.14

()  Let f: G — H be a homomorphism. Then ker(f) is a normal
subgroup of G.

(i)  Let N be a normal subgroup of a group G. Then the map p: G —
G/ N defined by p(g) = gN is a surjective homomorphism with
kernel N.

Proof

(i)  Clearly ker(f) is a non-empty subset of G, as 15 € ker(f).
Now consider any ¢1,¢> € ker(f). Then

f(8182) = f(81)f(82) = 1uln = 1n
so 192 € ker(f), and

flegrh) =flg) =14 =1u

so g1 € ker(f). Hence ker(f) is a subgroup of G by Propo-
sition 2.3.
If ¢ € G and k € ker(f), then

flgke™) = f(9)f () f(g™") = f(&)1uf(g) ™ =1n,

so gkg™! € ker(f) and therefore ker(f) < G by Proposi-
tion 3.7.
(ii) For any a,b € G we have

p(ab) = (ab)N = (aN)(bN) = p(a)p(b),

so p: G — G/N is a homomorphism. Now consider any
¢N € G/N. Then gN = p(g), and so p is surjective. Finally,
p(g) = 1g,/n implies that gN = 1cN = N, so g € N and thus
ker(p) = N.

This completes the proof. [

4.3 The Isomorphism Theorems

In the last section of this chapter we will state and prove three
theorems relating quotients, homomorphisms and subgroups, due
to the German mathematicians Richard Dedekind (1831-1916) and
Emmy Noether (1882-1935).

The first of these is the most important. It is sometimes called the
Fundamental Theorem of Homomorphisms.

Theorem 4.15 (First Isomorphism Theorem) Le
be a homomorphism with K = ker(f). Then G/ ker
More precisely, there is an isomorphism ¢: G/K — im

P(gK) = f(g) forallg € G.

P




Proof We need to show three things: that the function ¢ is well-
defined, that it is bijective, and that it is a homomorphism.

The first of these is important: we need to show that ¢(gK) =
f(g) really does define a function from G/K to im(f). This isn’t
immediately obvious, because we can have g1K = goK when g1 #
g2, and when that happens we need to make sure that f(g1) = f(g2).
This is what we mean by checking that ¢ is well-defined.

Suppose, then, that g1,¢> € G and that 1K = g K . Then by
Proposition 2.13 it follows that g1 = g2k for some k € K, and hence

f(g1) = f(g2k) = f(g2)f (k) = f(g2). So ¢ is indeed well-defined.

It is clear that ¢ is surjective: any element of im(f) is of the form
f(g) for some ¢ € G, and by the definition of ¢ we have f(g) =
¢(gK). Hence any element of im(f) is of the form ¢(gK) for some
coset gK € G/K.

To show injectivity, let ¢ € G and suppose that ¢K € ker(¢). That is,
$(gK) = 1p. Then f(g) = 1y, and so g € K. Thus gK = K =15/,
and hence ker(¢) = {K}. Then by Proposition 4.13, ¢ is injective,
and hence bijective.

Finally, we need to show that ¢ is a homomorphism. Suppose that
81,82 € G. Then

P((81K)(82K)) = ¢((£182)K) = f(8182)
= f(g1)f(g2) = ¢(§1K)$p(g2K)

and hence ¢ is a homomorphism. This completes the proof. O

Let’s illustrate this by looking at an example.

Example 4.16 Let G be the Klein group Vy = {e,a,b,c} and H
be the cyclic group Z;. Define a homomorphism f: Vy — Z; by
f(e) = f(a) =0and f(b) = f(c) = 1. Then ker(f) = {e,a} and
im(f) = Z,. Applying the First Isomorphism Theorem to f we
see that

Vi/{e,a} = Vy/ker(f) =im(f) = Z,.

We can also use the First Isomorphism Theorem together with
Lagrange’s Theorem? to disprove the existence of surjective homo-
morphisms in some circumstances:

Example 4.17 There is no surjective homomorphism f: Dg — Z4.
If such a homomorphism existed then |im(f)| = |Z4| = 4. By the
First Isomorphism Theorem, it would be the case that G/ ker(f) =
im(f) = Z4, and hence that |ker(f)| = |G|/|im(f)| = 18/4 = 3.
This is not an integer, so no such homomorphism can exist.

Less useful for our purposes, but still worth looking at, are the
Second and Third Isomorphism Theorems. First, we state and prove
the following lemma.

Lemma 4.18 Let G be a group, let H be a subgroup of G, and let N be
a normal subgroup of G. Then the following conditions hold:

(i) HN = NH is a subgroup of G,

(ii) N is a normal subgroup of HN, and

(iii) HNN is a normal subgroup of H.
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Proof

(i)  Suppose thath € H and n € N, so hn € HN. Then since N

is normal in G we have hn € hN = Nh C NH,so HN C NH.
Similarly, nh € NH, but also nh € Nh = hN C HN, so
NH C HN and thus HN = NH.
To see that it is a subgroup, we use Proposition 2.3. Since
H and N are both subgroups of G, they are nonempty (each
must at the very least contain 1) and hence HN is also
nonempty. Now suppose that hy,h, € H and ny,n; € N.
Then the products hyny and hyny both belong to HN. Since
nihy € NH = HN, there exists some n3 € N such that
7’11]’12 = h2n3. Then

(hiny)(hana) = hy(nihy)ny = hy(hanz)ny = (hihy)(nsny)

which lies in HN, and so HN is closed. And for any hn € HN
we have (hn)~! =n~'h~! € NH = HN, so HN contains all
required inverses. Therefore HN < G.

(ii) It is fairly clear that N is a subgroup of HN: it is a subset of
HN and a subgroup of G, so it must therefore be a subgroup
of HN as well. Normality also follows almost immediately:
N is a normal subgroup of G and is therefore closed under
conjugation by elements of G. But HN C G, so N must also
be closed under conjugation by any elements of HN. Hence
N < HN.

(iii) By Proposition 2.9, we know that HNN is a subgroup of
G, and since it is clearly a subset of H, it must also be a
subgroup of H. We can prove normality by showing closure
under conjugation: suppose i € H and k € HNN. Then hkh~!
belongs to H, since H is closed under the group operation,
and k € HNN C H. But it must also belong to N, since N
is normal in G and hence closed under conjugation by any
element of G, including any element of H. Thus hkh~! must
belong to the intersection HNN, and hence HNN < H.

This completes the proof. [

Theorem 4.19 (Second Isomorphism Theorem) Let G be a group,
let H be a subgroup of G, and let N be a normal subgroup of G. Then

H/(HNN) = HN/N.

Proof Let p: G — G/N be the surjective quotient homomorphism
from Proposition 4.14 (ii), such that p(g) = gN for all g € G.
Let g: H — G/ N be the restriction of this homomorphism to the
subgroup H < G, and we find that im(g) is the set of cosets hN
where h € H. Together, these cosets form the subgroup HN/N
of G/N, and hence im(q) = HN/N. Also, ker(q) = HNker(p) =
HNN. Applying the First Isomorphism Theorem to g we see that

H/(HNN) = H/ ker(q) & im(q) = HN/N

as claimed ]

For the Third Isomorphism Theorem, we need the following short
lemma:



Lemma 4.20 Let G be a group, and let K C H C G, where H and K
are both normal subgroups of G. Then:

(i) K is a normal subgroup of H,
(i) H/K is a normal subgroup of G/K, and

Proof

(i)  This is straightforward. Firstly, K is a subgroup of G and a
subset of H, so it must be a subgroup of H. And since K is a
normal subgroup of G, it is closed under conjugation by any
element of G, including all the elements of H, so K must also
be a normal subgroup of H.

(ii) The quotient H/K is nonempty, since at the very least it
contains K = 1 /k. It is closed under the product operation
on cosets, since for any h, hy € H we have

(h1K)(h2K) = (hhhy)K € H/K.
And for any h € H we have
(hK)™' = (h"HK € H/K,

so by Proposition 2.3 H/K is a subgroup of G/K.
Now suppose that g € G and & € H. Then gK € G/K and
hK € H/K, and

(gK)(hK)(gK) ™" = (gK)(hK)(g7'K) = (ghg ")K.

Since H is a normal subgroup of G, it follows that ghg~! € H,
so (ghg 1)K € H/K, hence H/K is closed under conjugation
by elements of G/K and is therefore a normal subgroup of
G/K.

This completes the proof. O

Theorem 4.21 (Third Isomorphism Theorem) Let G be a group,
and let K C H C G, where H and K are both normal subgroups of G.
Then

(G/K)/(H/K) = G/H.

Proof Define f: G/K — G/H by f(gK) = gH for all g € G. We
need to check that this is well-defined; that is, if g1K = ¢»K then
f(g1) = f(g2). This is straightforward, because K C H, so if g1K =
2K then g1 = gok for some k € K, and so g1H = (g2k)H = g (kH).
As k € K C H, it follows that kH = H, hence g1H = ¢»H, and thus
f(81) = £(82)-

We observe that im(f) = G/H and ker(f) = H/K, then apply the
First Isomorphism Theorem to f, to get

(G/K)/(H/K) = (G/K)/ ker(f) = im(f) = G/H

as claimed. O
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5 Classification of Groups

So far, we have studied a number of properties of groups and seen
various examples. It would be useful to have a complete list of
small finite groups. In this chapter we will compile such a list, up
to isomorphism, of groups with eight or fewer elements. We will
then state and study a classification theorem for finitely-generated
abelian groups.

5.1 Generators and relations

Recall that a group G is a cyclic group if it is generated a single
element; that is, there exists some element ¢ € G such that G =
(¢) = {g' : i € Z}. Furthermore, a cyclic subgroup is a subgroup
consisting of all powers of a single element. We want to extend this
idea now to cover groups generated by more than one element. The
details of this are complicated, and mostly beyond the scope of this
module, but the basic concepts will be sufficient for our purposes.

Definition 5.1 Let G be a group. A collection of elements g1, ..., gr
of G are said to generate G, or be generators for G, if every el-
ement of G can be written as a product of some or all of the
elements g1, ..., and their inverses.

That is, every element of the group G can be written as an expression
like 3¢5 lo1gs 95 1oy < 2, which may be of arbitrary length. Such an
expression is called a word in the generators g1,...,g, and their
inverses.

Example 5.2 Recall from Definition 1.27 that a group G is cyclic
if and only if it is generated by a single element.

Example 5.3 As noted in Corollary 1.43, the symmetric group S,
is generated by the transitions in S,,. (However, there are smaller
generating sets for S;,.)

Example 5.4 The dihedral group D, can be generated by the
rotation r and the reflection ;.

One way of defining a group is by giving a list of generators and
relations between those generators: equations saying that certain
words are equivalent to other words. If you write down the order of
the group, a list of generators, and enough relations, you can fully
describe the group up to isomorphism.

I tried to make out the names of
plants, and collected all sorts of
things, shells, seals, franks, coins
and minerals. The passion for col-
lecting, which leads a man to be
a systematic naturalist, a virtuoso,
or a miser, was very strong in me,
and was clearly innate, as none of
my sisters or brother ever had this
taste.

— Charles Darwin (1809-1882),
in: Francis Darwin, The Life and
Letters of Charles Darwin (188y)
[ 2728
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' Sort of. The Todd—Coxeter Algorithm
is a process for doing this, but if the
group is infinite, the algorithm won’t
terminate. And there’s no easy way of
telling whether the algorithm will never
terminate (because the group is infinite),
or just that it hasn’t terminated yet (be-
cause the group is finite but very large).

* Yes, in principle. Two presentations de-
termine isomorphic groups if and only
if we can change one presentation into
the other via a finite sequence of Tietze
transformations. But it’s not always
obvious what the required sequence of
transformations is.

3D. L. Johnson, Presentations of Groups,
second edition, London Mathematical
Society Student Texts 15, Cambridge
University Press (1997).

Definition 5.5 Let X = {xj,...} be a (finite, infinite or empty)
set of generators, and R = {wy, ...} be a (finite, infinite or empty)
set of relators, that is, words in the generators and their formal
inverses. Then a group G can be defined by a presentation:

G=(xy,...:wq1,...) =(X:R).

Here, we form the set of all possible words in the generators x; and
their formal inverses xl._l, and then simplify them by cancelling
any adjacent generators and their corresponding inverses, and
also replacing any instances of each word w; with the empty word
(that is, the identity).

This process determines a group, with the obvious concatenation
and reduction operation. In general, it is not obvious whether this
group will be finite or infinite.

Alternatively, we can replace the relators with relations: equations
in the generators of the form w; = 1 or equivalent.

There are lots of questions raised by this concept, including:

(i) Is there a way of deciding whether a given presentation de-
termines a finite group, and if so what its order is?*

(ii) Can we tell whether two different presentations describe the
same group??

Full answers to these and other questions can be found in the notes

for the module MA467 Presentations of Groups (if available), or the

book by DL Johnson.3

Proposition 5.6 Let G be generated by two elements a and b subject
to the relations a™ = 1, b" = 1 and ab = ba. Then G &£ Z,, X Z.,,.

Proof Since a” =1 and b" = 1, we can always replace a~! with
a"~1, and b~! with b"~1. We can also replace a” and b* with al'l

and b, where [r],, denotes the remainder of » modulo 1, and [s],,
denotes the remainder of s modulo n. The relation ab = ba enables
us to move all instances of the generator a in a word to the left, and
all instances of the generator b to the right.

Hence any element of G determined by the presentation
G = (a,b:a"b",ab = ba)

can be written in the form a*b! where 0 < k < mand 0 < I < n.
There are mn distinct words of this form, so |G| = mn.

To show that G = Z,,, xZ,, we define a function f: G — Z,;,xZ,
by f(akb') = (k,1).

This function is injective: (ki,l1) = (ko) if and only if ak1bh =
ak2pl. Tt is surjective, since any element (k1) € Z,,xZ, is the
image of an element ab' € G. Thus f is a bijection.

And for any elements ak1pht and a*2b"2 in G we have
F(a"phakpl2) = flahthephtl2)y — (kg +ky, 1 +1,)
= (ki, 1) (ko, 1) = f(a“1D") f(a*20"2)

so f is the required isomorphism. ]



We want to prove a similar result for the dihedral groups D, but
tirst we need to look more closely at the structure of these groups.

Let P, denote the regular n-sided polygon with vertices labelled
1,...,n where vertex i has coordinates (cos (2(1_#), sin (@))
The element r represents an anticlockwise rotation through an angle
2T about the origin. The element m; represents a reflection in a
line passing through the origin, making an angle w with the
positive horizontal axis. See Figure 5.1 for illustrations of the cases
n =>5and 6.

We need to consider the odd and even cases separately:*

* When 7 is odd, the reflection my;_; passes through vertex i and
the midpoint of the opposite edge, between vertices (i+251) and
(i+241).

* When n is even, the reflection my;_; passes through vertex i
and the opposite vertex (i+7%), while the reflection m,; passes
through the midpoint of the edge between vertices i and (i+1),
and the midpoint of the opposite edge, between vertices (i+7%)
and (i+5+1).

We can understand the action of these operations in terms of the

way they permute the vertices of P;.

The 27” anticlockwise rotation operation r shifts each vertex round
by one place, so 1+ 2,2+ 3, ..., n+— 1. This can be represented
by the permutation « = (1,2,...,n) € S,.

The reflection m passes through the vertex 1 and either the opposite
vertex 5+1 (if n is even) or the midpoint of the opposite edge (if n
is odd). It transposes the vertices 2 <+ n, 3 <> (n—1), and so forth.
If n is even, then the vertex (5+1) is also fixed. We can represent
my by the permutation p = (2,n)(3,n—1)... € S.

We can deduce that a” = 1, and also that g2 = 1: performing the
27” rotation n times yields the identity, while performing the m;
reflection twice also leaves every vertex unchanged.

Furthermore, we can see, either geometrically or by considering the

product of permutations, that #* represents the reflection operation
my for 1 < k < n. We can therefore see that there is a bijection
between the elements of the group D, = {1,7,...,7",my,...,my}
and the set

G = {zxk,zxkﬁ:O <k < n}.

Again by considering the geometric operations, or composing the
permutations, we can see that fa = a =!8 = a”~! 8. These equations

a' =1, pr=1, Ba=a'B

enable us to construct the entire Cayley table for G, which is iso-
morphic to D,,. We can calculate any of the four types of product

(le>(le) _ lkarl (Dék)(lxlﬁ) — 06k+l‘3
() (a) = a*~'p (a*B) (o B) =

(where addition and subtraction of the exponents k and [ is mod-
ulo n). This determines a presentation for the dihedral group D,,.
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Figure 5.1: The regular pentagon P5 and
the regular hexagon Pg

4Here 1 < i < n, and the indices of m,;
and my;_ are calculated modulo n. For
example, when n = 5 and i = 4 we have
2i—1 = 7 = 2 (mod 5), so m;y is the
reflection in the line passing through
vertex i = 4 and the midpoint of the
opposite edge.



42 MA267 GROUPS AND RINGS

Proposition 5.7 Let G be a group generated by two elements a and b
satisfying the relations a" = 1, b*> = 1 and ba = a='b. Then G = D,,.

5.2 Small finite groups

We will now classify (that is, compile a complete list of) all groups
of order up to 8.

The simplest case concerns groups of prime order:

Proposition 5.8 Let G be a group with prime order |G| = p. Then G
is isomorphic to the finite cyclic group Z.p.

Proof Let ¢ # 1 be a nontrivial element of G. Then |g| > 1 by
Lemma 1.18, and |g¢| must divide |G| = p by Proposition 2.21, so
we have |¢| = p. Then 1,¢,¢%,...,¢"~! are distinct elements of
G, and there are p of them, so they comprise the entirety of G.
That is, G consists entirely of powers of g, and so it is cyclic. By
Proposition 1.28, G must be isomorphic to Z,. [

Next we classify the groups of order 4. Up to isomorphism, there
are exactly two of them:

Proposition 5.9 Let G be a group of order |G| = 4. Then G is
isomorphic to either the cyclic group Z4 or the Klein group Vj.

Proof First of all, we note that Z, 2 Vj. This follows from Propo-
sition 1.26: any isomorphism f: Z4 — V4 must preserve the order
of each element. That is, |f(g)| = |g|. But Z4 has two elements of
order 4 while Vj has no such elements, and hence no isomorphism
can exist.

Now suppose that G = {1,4,b, c}. By Proposition 2.21, the order of
each of these elements must be a factor of 4. The identity element
has order 1 by Lemma 1.18, and is the only element that does. So
the remaining elements 4, b and ¢ must have order either 2 or 4.

5 Theorem 2.22, page 22. Cauchy’s Theorem? ensures the existence of at least one element
of order 2. If one of the other elements, say a, has order 4, then G
has a cyclic subgroup (a) = {1,4,4?,a%}, which accounts for all the
elements of G and hence G =2 Z,. Here, a? is the element of order 2
whose existence was guaranteed by Cauchy’s Theorem.

§ Proposition If a, b and c all have order 2, then the cancellation 1aws6prop:cancellation
show that the product of any two must be the third. For example,
ab = b implies that 2 = 1, which can’t be true since we assumed
that a # 1 (and also that |a| = 2). Similarly, ab = a forces b = 1,
which can’t be true for the same reason. Neither can ab = ¢, since
that would imply that a = b~! = b. The only remaining possibility
is that ab = c. This yields the Klein group Vj.

So G must be isomorphic to either Z, (if it has an element of order 4)
or Vy (if it doesn’t have such an element). OJ

Recall from Proposition 3.19 that V, = Z;xZ;. So every group of
order 4 is isomorphic to either Z, or Z, xZ,. We will explore this
further in the next section when we look at the classification of finite
and finitely-generated abelian groups.



We have now classified groups of order 1, 2, 3, 4, 5 and 7. The next
on our list is order 6. We’ve seen two examples so far: the cyclic
group Ze and the dihedral group D3 (which is isomorphic to the
symmetric group S3). In fact, any group of order 6 is isomorphic to
one of these.

Proposition 5.10 Let G be a group with six elements. Then G is
isomorphic to either Zg or Ds.

Proof First, we note that Zg 2 D3, since the former is abelian and
the latter isn't.

Now suppose that G is a group of order 6. By Cauchy’s Theorem?”
G has an element g of order 2 and an element h of order 3, since 2
and 3 are the prime factors of |G| = 6. These elements are distinct
from each other, and neither is equal to the identity element 1. Each
of them generates a cyclic subgroup

(&) ={lg} =2y,

There are therefore six possible elements:

(h) = {1,h,h?} = Z3.

G ={1,g,h,gh h?* gh*}

Now consider the element hg. This element does not belong to
the cyclic subgroup (h), and it isn’t equal to g. So we have two
possibilities: either hg = ¢h or hg = gh?> = gh~ L.

If hg = gh then by Proposition 5.6 we have G = Z;xZ3. And since
2 and 3 are coprime, Z, xZ3 = Zg by Proposition 3.20.

If hg = gh? = gh~! then by Proposition 5.7 we have G & Dj.

These are the only two possible cases, and so a group of order 6
must be isomorphic to either Z4 or Dj3. O]

Now we have classified groups of order up to 7. Time to look at
groups of order 8. There are a few of these that we have met (at least
in principle) already: the cyclic group Zg and the dihedral group
D,. Other possibilities include Z, xZ4 and Zy xZ, xZ5, which by
Proposition 3.20 aren’t isomorphic to each other or to Zg. But there
is a fifth group of order 8 that we haven’t yet seen, and which we
will define now. This is called the quaternion group, and we will
denote it Qsg.

There are several ways of defining this group. One way is as the
subgroup of GL,(C) consisting of the following 8 matrices:®

E=[19] I=[p %]  T7=[%8 K=[%]
1 =07 K= [%7]

The multiplication table for this group is shown in Table 5.1. (Note
that here we have used E rather than I for the 2x2 identity matrix.)

Proposition 5.11 Let G be a group generated by two elements a and
b that satisfy the equations a* = 1, b*> = a® and ba = a~'b. Then

G = Qs

Proof The first relation a* = 1 tells us that we need only consider
positive powers of a, since we can replace any occurrence of a~!
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7 Theorem 2.22, page 22.
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Table 5.1: Multiplication table for the
quaternion group Qg

8 The Pauli matrices

_ o1 _[0—i —J10
o= o=073] e=[0"4%]
are particularly relevant in particle
physics, where they represent observ-
ables relating to the spin of spin-3 par-
ticles such as protons, neutrons and
electrons, and in quantum computing,
where they represent an important class
of single-qubit operations.
These are related to our construction of

Qg as follows:
K =ioy

I =io, ] =ioy
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with a%. The first and second relations together imply that b* = 1,
since

bt = (b¥)? = (a®)? =a* = 1.
Hence we only have to consider positive powers of b, since b~! = bS.
We can also rewrite the third relation ba = a~'b as ba = a°b.

Putting all this together, any finite word composed from the genera-
tors a and b and their inverses can be rearranged in the form a*b!
where k and | are non-negative integers. Using the second relation
we can rewrite b" as either a” (if n is even) or a"~!b (if n is odd)
to get a word of the form a* or a*b. Since a* = 1 we know that
0 < k < 4, 50 G has eight elements:

G=A{1,a, a®,a°,b,ab,a’b, a3b}.

The function f: G — Qg that maps

2 3

1— E a— 1 a‘+— —E a’ — —1
b | ab — K a’b — —] a’b — —K
is an isomorphism, and so G = Qs. ]

Just before we classify the groups of order 8, we need the following
simple lemma:

Lemma 5.12 Let G be a group, and suppose that ¢ = 1 forall g € G.
Then G is abelian.

Proof If g = 1then ¢! = ¢. Then for any g,/ € G we have

gh=(gh)'=h7'g" = hg.
Hence G is abelian. O

We are now ready to classify the groups of order 8.

Proposition 5.13 Let G be a group of order 8. Then G is isomorphic
to one of the following groups:

7y, ZyxZy, ZLoxZopxZy, Dy, Qs

Proof Let G be a group with eight elements. By Proposition 2.21,
each of these elements must have order 1 (the identity), 2, 4 or 8.
We have a number of cases to consider:

Case 1 If G has an element of order 8, then the cyclic subgroup
generated by this element is

() =1{188,....8}

This subgroup has eight distinct elements and must therefore be the
entirety of G. In this case, G is a cyclic group of order 8, isomorphic
to Zg by Proposition 1.28.

Case 2 Suppose instead that G has an element g of order 4, but no
elements of order 8. Then

(8) ={1,88,8} = Z,.

Let h be some element of G \ (g) and consider the coset (¢)h =
{h, gh, ¢*h, g*h}. Then

G=(g)U(g)h=1{1,g8%8 hgh g°h gh}.



Consider the element hg. This clearly isn’t a power of g, and is thus
not in (g). Also, hg # h, since the cancellation law9prop:cancellation
would then imply that ¢ = 1, which we’ve already decided is not
the case. Furthermore, if hg = ¢%h then ¢ = h~'¢?h, which then
implies that

=1 =htPhh ¢ =h ¢t h = =h"h=1.

But ¢ has order 4, so g* # e.

So we're left with two possibilities. Either hg = gh, or hg = ¢°h.
Also, we have two possibilities for the order of h: either |h| = 2 or
|h| = 4. Note that h € (g)h, since h ¢ (g). Furthermore, h? # g,
since this would require |h| = 8. And h? # ¢ for the same reason.
So if h has order 2 then h? = 1, and if h has order 4 then the only
possibility is that h? = ¢2.

So if G has an element of order 4 then we have four possibilities:

(i) If hg = gh and |h| = 2 then G is abelian, and G = Z,xZ; by
Proposition 5.6. The map f: G — Z4xZ; given by g — (1,0)
and h — (0,1) is an isomorphism.

(i) If hg = ¢h and |h| = 2 then G is isomorphic to Dy by
Proposition 5.7. The map f: G — D4 with f(g) = r and
f(g) = my is an isomorphism.

(iii) If hg = gh and |k| = 4 then G is abelian. Also, |gh™!| = 2
since

(gh—l)Z — gh—lgh—l — gZh—Z — g2g2 — g4 —1.

In this case, the function f: G — Z4xZ; given by g+ (1,0)
and ¢gh~! — (0,1) is an isomorphism.

(iv) If hg = ¢°h and |h| = 4 then G = Qg by Proposition 5.11.
The map f: G — Qg where f(g) = I and f(h) = ] is an
isomorphism.

Case 3 Now suppose that every element of G (apart from the
identity) have order 2. In this case, G is abelian by Lemma 5.12.
Choose g, h,k € G\ {1} such that gh # k. The subgroup {1,,h, gh}
is isomorphic to the Klein group Vi = ZyxZ;. Now let K =
{1,k} = (k) = Z,. Then HK = G, the intersection HNK = {1}, and
every element of H commutes with each element of K since G is
abelian.

Therefore, by Proposition 3.18 we have
G=Z HK=Z HxK= DLy Xy XZy.

There are no further cases to consider, so the proof is complete. []

Table 5.2 summarises the results in this section.

Classifying groups of higher order starts to require more sophisti-
cated techniques. In particular, the cases |G| = 2* for some k tend to
be particularly tricky: there are 14 groups of order 16 and 51 groups
of order 32. Up to isomorphism there are 49910 529 484 groups of
order < 2000, and of these 49487 365422 (just over 99.15%) have
order 1024.
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9 Proposition

=

Groups of order n

Ly, Vo 2 ZyxZy

Z¢, D3 = S3
Z7
Zg, ZyXZo, ZoxZoyxZs, Dy, Qs

Oy Ul A~ W N R
N

Table 5.2: Groups of order < 8
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5.3 Finitely-generated abelian groups

Earlier, we saw that the cyclic group Z, and the Klein group V; =
Z,®Z, are not isomorphic. But by Proposition 3.20 we know that
Zn®Zy = Zuyy if and only if ged(m,n) = 1. Now we want to
generalise this idea to classify all finitely-generated abelian groups.
That is, abelian groups with finitely many generators.

We will state the classification theorem, but a full proof would
involve too much of a digression, so we’ll omit it. However, we will
study a general method for finding which abelian group a given
presentation determines.

First, we introduce a standard form for an abelian group.

Definition 5.14 Let G be an abelian group such that
G%Zml@@zmk@zr

where my,...,my,r € Z, r > 0 and m;|m; 1 for 1 < i < k. This
is called an invariant factor decomposition of G, with torsion
coefficients or invariant factors m, ..., m; and rank r.

Here, Z" denotes a direct sum of r copies of Z. That is, Z" =
2%---DL.

Any group of this form (that is, a direct sum of finite and/or infinite
cyclic groups) is abelian. Less obviously, any abelian group has a
unique decomposition of this form.

Theorem 5.15 Let G be a finitely-generated abelian group. Then G
has a unique invariant factor decomposition

ngml@@zmk@zr

in the sense that if H is another finitely generated abelian group with
invariant factor decomposition

H=Z, & - ®Z, ®Z°,

then G = H ifand only if k =1, r = s and m; = n; for 1 <i < k.

Finite abelian groups have a similar form except without any infinite
summands (copies of Z).

Corollary 5.16 Let G be a finite abelian group. Then G has a unique
invariant factor decomposition

Gmel@@ka.

An element of a group is said to be a torsion element if it has
finite order. And a group is called torsion-free if it has no elements
of finite order. Torsion-free finitely-generated abelian groups are
formed from finitely many copies of Z:

Corollary 5.17 Let G be a torsion-free abelian group. Then G = Z’
for some non-negative integer r.

A finitely-generated abelian group has a presentation of the form

(X1, X 1, )



where x1, ..., x, are the generators, and ry, ..., ry are the relators.
We will assume further that every generator commutes with every
other generator. We can either incorporate this into the presentation
as n(n—1) relators of the form xixjxi_lxj_l forl1 <i<j<n™or
tacitly assume them by using additive notation for our relators.

Using additive notation, our relators will be Z-linear combinations
of the generators, that is, expressions of the form

kix1 4 koxo 4 - - - + knxy

where ki, ..., k, € Z. Each of these relators is equal to the (additive)
identity 0, and so effectively we have a homogeneous system of
simultaneous equations with integer coefficients.

In linear algebra we learn a standard method of solving systems
of linear equations with real coefficients: we write down the aug-
mented matrix of the system and apply elementary operations to
convert it to reduced row echelon form.

The approach we use here is similar but with a couple of differences:
since our coefficients are in Z rather than R, we can’t divide a
row (or column) by an arbitrary number, so that limits one of our
elementary operations. And instead of reduced row echelon form,
we want our matrix to be in a slightly different form:

Definition 5.18 An mXxn matrix A of rank r is in Smith normal
form if every element is zero, except possibly for the diagonal
elements a;; for 1 < i < r, and furthermore that a;;|a;, 1 (i41) for
1<i<r.

That is, A is in the form shown in Figure 5.2, where the last (n—r)
columns and (m—r) rows are all zero.

Example 5.19 The following matrices are in Smith normal form:
10 20 03 0 7000 490
o7l (36, [8812}' [61400] and [888}-

We need to define the appropriate elementary row operations:

Definition 5.20 Let A be an mxn matrix with integer entries.
Then we may apply one or more of the following elementary row
and column operations to A in order to obtain a similar matrix.

Ex  Swap two rows (or columns).

E2  Multiply all entries of a row (or column) by —1.

E3 Add an integer multiple of one row (or column) to another
row (or column).

The next proposition is the key to the whole problem:

Proposition 5.21 Any mxn integer matrix A can be transformed into
Smith normal form by a finite sequence of row operations of type E1, E2
and E3.

Equivalently, there exists an m x m integer matrix P and an nxn integer
matrix Q such that PAQ is an mxn matrix in Smith normal form.

The following algorithm provides a constructive proof of this fact:
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" These can be rewritten as relations of

the form XI'X]' = x]'x,-.

ai 0 00

0 ‘.

: 00 -
0 0 a, O

0 0 0 0
0 -~ 0 0 0 -

o

0]

Figure 5.2: A matrix in Smith normal

form

5
Henry Smith (1826-1883)
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Algorithm 5.22 Assume that A is not already in Smith normal
form.

1 Use row operations of type E1 to arrange the matrix so that the
nonzero entries in the first row and first column are in ascending
order of absolute value, followed by any zero elements, so that
la11] < lana] < - < ags| and |ayg| < lan| < -+ < anl.

2 Use row and column operations of type E2 to ensure that all of
the entries ay1, ..., 415 in the first row are positive, and all of the
entries a1y, ...,a; in the first column are also positive.

3 If a1y divides all other nonzero entries in row 1, then go to step
4.

Otherwise, let ay; be the first nonzero entry in the first row
which isn’t an integer multiple of a1;. Then we can find non-
negative integers g and p such that ay; = ga;; + p where 0 <
p <ai.

Apply a column operation of type E3, subtracting g times col-
umn 1 from column j.

Repeat this process for all the other columns for which the first
element is not an integer multiple of ay;.

Go to step 1.

4 If aq1 divides all of the other nonzero entries in the first column,
then go to step 5.

Otherwise, let ay; be the first nonzero entry in column 1 that
isn’t an integer multiple of 41;. Then we can find non-negative
integers g and p such that ay; = ga;; + p where 0 < p < ay;.
Apply an E3 row operation, subtracting g times row 1 from
row k.

Repeat this process for all the other rows for which the first
element is not an integer multiple of ay;.

Go to step 1.

5 Every entry in row 1 and column 1 is now a multiple of a1;.
Now apply column operations of type E3, subtracting multiples
of column 1 from each of the other columns with nonzero first
element, so that a1 is the only nonzero element on the first row.
Similarly, apply row operations of type E3, subtracting mul-
tiples of row 1 from all the other rows that have a nonzero
tirst element, so that a1 is left as the only nonzero element in
column 1.

The matrix is then in the form

app 0 - 0
0 axn - ay

0 ayp -+
and we can apply steps 1-5 to the (m—1) x (n—1) submatrix
ay - agy
ol
to get an mxn matrix where the only nonzero elements in the
tirst two rows and columns are on the diagonal. We repeat this

until we get a matrix whose only nonzero entries are on the
diagonal.




These diagonal entries won’t necessarily satisfy the divisibility
criterion aiq|ag| ... |a,. If they don’t, we proceed to the next
step.

6 For 1 < i < r—1, compare a;; with each ajj fori < j<r. Let
i and j be the lowest integers for which 4;; doesn’t divide a;;.
Use a row operation of type E3 to add row j to row 7, and then
reduce this new m xn matrix using steps 1-5.

This algorithm will eventually terminate, yielding a matrix in Smith
normal form. Let’s try a couple of examples.

Example 5.23 Let G be the abelian group with generators x and
y, and relations

2x =0, 3y = 0.

(This group is isomorphic to Z,®Z3.) This yields the coefficient
matrix A = [39]. Applying Algorithm 5.22 we see A is already
diagonal, so we skip to step 6. Now a7 = 2, which doesn’t divide
ay» = 3, so we perform an operation of type E3, adding row 2
to row 1, to get the matrix [0 3] Starting again from step 1, the
matrix evolves as follows:

(53] — [§3] — [38] — [5 %] — Lo 5.
We can perform a final E2 move to get [} 0], and then read off

the new relations
x =0, 6y =0

which yields the group Z, as expected from Proposition 3.20.

Example 5.24 Let G be the abelian group with four generators w,
x, y and z, and three relations

l6w + 56x + 4y + 48z = 0,
4w + 16x +4y — 82 =0,
10w + 22x — 2y + 70z = 0.

Under the application of Algorithm 5.22, the coefficient matrix
evolves as follows:

1656 4 487 E1p 21022707 E» [2 10 22 70
{4164—8}>—>[4 416—8}#—)[4—4—16 8}
10 22 270 4 1656 48 4 —16 —56 —48
E3 [2 E2 20 0 0 E3 [20 0 O
— | 4 24 760 7132] — [0 24 60 132} — [024 12 12}
L4 —36 —100 —188 0 36 100 188 03628 8
Ex 2000 20 0 0 E1 T2 0 0 0
I—>082836]I—>[084 4 »—>[04 48}
L012 1224 012 —24 —24 0 —24 —24 12
E2 200 0 E3 (200 0 Ex 20 0 O
— |04 4 8}+—>[0400]+—>[0400}
02424 —12 0240 —60 024 —600
E3 [20 0 07 E2 [2000
—> |04 0 0| — {0400]
L00 —600 00600
The corresponding relations are therefore
2w =0, 4x =0, 60y = 0.

The fourth generator z is free, since it has no associated relation,
and hence G = Z,®Z 4P Z ¢ PZ..
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We can use Theorem 5.15 together with Proposition 3.20 to compile
a complete list (up to isomorphism) of finite abelian groups of a
given order.

Example 5.25 Let G be an abelian group of order 12. Then since
G must be isomorphic to a direct sum of finite cyclic groups, we
have the following possibilities:

21y, 2Zpy®Ze, 23574, and ZoDZorDZs3.
By Proposition 3.20 we know that
235024 =7Z1p and Zo®ZyDZs3 = 7D

Only two of these four satisfy the invariant factor condition,
namely Z, and Z,®Zs. Hence, up to isomorphism there are two
abelian groups of order 12.

There is another classification theorem for finitely-generated abelian
groups, in which the torsion subgroups are grouped in a different
way.

Definition 5.26 Suppose that
C=2Z @ DZ 07
P1 P

where py, ..., px € N are (not necessarily distinct) prime integers,
and ny,...,n,,r € Z.

This is called a primary decomposition of G with torsion coeffi-
cients p;',..., p* and rank r.

Theorem 5.27 A finitely-generated abelian group G has a unique
primary decomposition

G=ZZ n® - BZ ndZ
P1 Pk

in the sense that if H is another finitely-generated abelian group with
primary decomposition

HEZ m & - - OZm Z°
1 q;

then G = H ifand only if k = I, r = s and the primes py, ..., py are
equal to the primes qq, . .., qx, up to possible rearrangement.




6 Group Actions

MANY of the groups we’ve met so far consist of functions map-
ping from a set to itself. For example, the group Sym(X) of
permutations on a given set X, the general linear group GL,(RR) of
invertible linear transformations on IR", the dihedral group D, of
symmetry operations on the regular n—gon. In this chapter, we will
study this situation in more detail.

6.1 Groups acting on sets

When considering groups of transformations on some set, we often
say that the group “acts on” the set. In general, we expect the
identity element to leave the set unchanged. We also expect the
transformations to behave consistently with respect to the group
operation. The following definition formalises this idea:

Definition 6.1 Let G be a group and X a set. An action of G on
X isamap -: GXX — X satisfying the following two properties:

A1 1g-x =xforall x € X, and
Az (gh)-x=g-(h-x)forallg,h € Gand x € X.

We denote the image of (g, x) under the map - by g - x. Strictly
speaking, this is the definition for a left action of G on X. The
definition for a right action is very similar: we consider a map
-1 XXG — X satisfying analogous properties. In this module we
will only study left actions, although the corresponding theory for
right actions is equivalent.

Example 6.2 If G = Sym(X) (or any subgroup of Sym(X)), then
G acts on X by setting 0 - x = ¢(x) for all ¢ € Sym(X) and x € X.

Example 6.3 The general linear group GL,(R) and as its various
subgroups such as SL,(R), O,(R) and SO, (RR), all act on R" by
A -v = Av for all matrices A € GL,(R) and vectors v € R".

Example 6.4 The dihedral group D, acts on the regular n-sided
polygon P, with vertices at (cos (%7),sin (27)) for k € Z and
0 < k < n. Similarly, we can regard D, as acting merely on the
set of vertices of P, rather than the entire polygon.

In each of these examples, every element of the group G determines
a permutation of the set X. That is, an element of Sym(X). This is
always the case:

The Earth is full of anger,
The seas are dark with wrath,
The Nations in their harness
Go up against our path:
Ere yet we loose the legions —
Ere yet we draw the blade,
Jehovah of the Thunders,
Lord God of Battles, aid!

— Rudyard Kipling (1865-1936),
Hymn Before Action (1896)
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Proposition 6.5 Let - be an action of a group G on a set X. For all
g € G define the map fo: X — X by fo(x) = g - x forall x € X. Then
fg € Sym(X), and the map ¢: G — Sym(X) given by ¢(g) = fyisa
homomorphism.

Proof This follows from Definition 6.1. Property A1 says that
$(1g) = f1 is the identity map idx: X — X. And property Az
tells us that feofy = fg forall g, h € G, since
(feofu)(x) = fo(fu(x)) = g~ (h-x) = (gh) - x = faon(x)
for all x € X. Hence
¢<g)4)(g_1) = fgofg*1 = fgg*1 = fi =idy,
and  ¢(g7)p(g) = fy10fs = f&'g = fi = idx.
So ¢(g) = feand ¢(g7 ') = fq-1 are inverse maps, which means
that ¢(g) = fq is bijective, hence ¢(g) = f; € Sym(X).
To see that ¢ is a homomorphism, we use property A2 again. Then
P(8)p(h) = fgofn = fon = ¢(8h)
forall g,h € G. O

Definition 6.6 Let G be a group and X be a set. The kernel of an
action - of G on X is defined to be the kernel K = ker(¢) of the
homomorphism ¢: G — Sym(X) in Proposition 6.5:

K={g€eG:g-x=xforall x € X}.

The action is said to be faithful if K = {1}, or equivalently (by
Proposition 4.13) if ¢ is injective.

The actions in Examples 6.2, 6.3 and 6.4 are all faithful.
We can define some other actions of Dy on the regular hexagon Ps:

Example 6.7 Let E = {e1, ey, e3,¢4, 65,64} be the set of edges of D,
where e is the edge joining vertices 1 and 2, e, is the edge joining
vertices 2 and 3, and so on, with ¢ joining vertices 6 and 1.

We can then define an action of Dg on E with the homomorphism
¢: D¢ — Sym(E) = S given by

¢(r) = (e1,e2,e3,e4,65,66) and ¢(my) = (e1,eq)(ez,e3) (e, €5).

This action is faithful.

Example 6.8 Let D = {dy,dy, d3} be the set of diagonals of the
hexagon Ps, where d; joins vertices 1 and 4, d, joins vertices 2
and 5, and d3 joins vertices 3 and 6.

Then we can define an action of Dg on D by defining ¢: Dg —
Sym(D) = S3, such that

(P(?") = (dlleI d3> and 4)(77’11) = (dz, d3)

This action is not faithful: its kernel is {1,7°}.

There are a couple of important actions of a group on itself. The
first of these arises from left multiplication in the group:



Example 6.9 We define the left regular action of a group G on
itself by setting ¢ -x = gx forall g € G and x € X = G. Conditions
A1 and A2 of Definition 6.1 hold, so this is an action. If g is in
the kernel of the action, then that means that gx = x for all x € G,
which implies that ¢ = 1 by the right cancellation law, so this
action is faithful.

We have met this action before in the proof of Cayley’s Theorem.*
The permutations A, € Sym(G) given by multiplying on the left by
an element ¢ € G are exactly the images ¢(g) € Sym(G) determined
by this action.

Alternatively, we can use the fact that this action is faithful, so the
kernel K is trivial. Then G = G/K, and by the First Isomorphism
Theorem? this is isomorphic to im(¢) < Sym(G).

Another important example is given by conjugation:

Example 6.10 The conjugation action of a group G on itself is
givenby ¢-x = gxg ! forallg € Gand x € X = G.

Suppose that g is in the kernel of this action. Then this means
that gxg~! = x for all x € G, which is equivalent to saying that
gx = xg for all x € G. So the kernel of this action consists of
those elements of G that commute with every element of G. This
is called the centre of the group:

Z(G)={g€G:gh=hgforallh € G}.

The conjugation action will therefore be faithful only when the
group has trivial centre; for example when G = D3. But if G is
abelian, then Z(G) = G, and the action will not be faithful.

6.2 Orbits and stabilisers

Let 0 = (1,2,4)(3,5) € Ss5. The cyclic subgroup G = (0) < Ss
generated by this permutation acts on the set X5 = {1,2,3,4,5}.
Because of the cycle decomposition of ¢, all of the elements ¢* € (o)
permute 1, 2 and 4 amongst themselves, and also permute 3 and 5

amongst themselves. So the action of G partitions the set X5 into
two disjoint subsets {1,2,4} and {3,5}.

Recall from MA138 Sets and Numbers, MA132 Foundations or else-
where, that a partition determines an equivalence relation and vice
versa.> We want to generalise this idea and consider the equivalence
classes of group actions, so we introduce the following definition:

Definition 6.11 Let - be an action of a group G on a set X. We
define a relation ~ on X, so that for any x,y € X, we say x~y if
and only if there exists some element ¢ € G such that g-x = y.
This is an equivalence relation (check this).

The equivalence classes of this relation are called orbits. The orbit
of a given element x € X is defined to be

Orbg(x) = {g-x: g € G}.
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* Theorem 2.10, page 19.

> Theorem 4.15, page 34.

3Let S be a set. A relation ~ on S is
determined by a subset R C SxS. For
any two elements x,y € S, we write x~y
if (x,y) € R, and x4y if (x,y) € R.
Thus any two elements x,y € S are ei-
ther related (x~y) or not (x#y).

A relation ~ on a set S is said to be:

o reflexive if x~x forall x € S,

* symmetric if, whenever x~y, then
y~x forall x,y € S, and

® transitive if, whenever x~y and y~z,
then x~z for all x,y,z € S.

A relation that is reflexive, symmetric
and transitive is called an equivalence
relation.

An equivalence relation partitions the
set S into equivalence classes. In par-
ticular, for any x € S the corresponding
equivalence class is

[x] ={y € S:x~y}.
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The orbit Orbg(x) of a given element x € X is essentially everything
in X that can be reached from x by means of the group action.

In the example concerning the group G = (¢) < S5, where ¢ =
(1,2,4)(3,5), then the orbits are:

Orbg (1) = Orbg(2) = Orbg(4) = {1,2,4}
OI‘bG (3) = Ol‘bc (5) = {3,5}

Sometimes the action may yield a single orbit (that is, the entirety
of X), and we give such actions a special name:

Definition 6.12 An action of a group G on a set X is transitive if
it only has one orbit. Equivalently, if for any x,y € X there exists
some ¢ € G such that g-x = y.

The actions in Examples 6.2, 6.4, 6.7 and 6.8 are transitive. But the
action of GL,(R) on IR" is not transitive: it has two orbits: {0} and
R"\ {0}.

The permutation ¢ = (1,2,4)(3,5) affects every element of the set
X5 = {1,2,3,4,5}, but the permutation T = (3,4) only affects 3
and 4, leaving 1, 2 and 5 unchanged. And the identity permutation
1 = () leaves all of X5 fixed. It is often helpful to look at which
elements of a group G leave a particular element of X fixed:

Definition 6.13 Let a group G act on a set X, and suppose that x
is some element of X. Then the stabiliser of x in G is the subset

Stabg(x) = {g€ G:gx=x} CG.

That is, Stabg(x) consists of the group elements that leave x fixed.

The stabiliser Stabg(x) is not just a subset of G, it is a subgroup:

Proposition 6.14 Let a group G act on a set X, and suppose that x is
some element of X. Then:

(i)  the stabiliser Stabg(x) is a subgroup of G, and
(ii)  the intersection ,cx Stabg(x) is the kernel of the action of G
on X.

Proof

(i) Since 1 acts trivially on any element x € X, it follows that
1 € Stabg(x), and hence Stabg(x) is a nonempty subset of
G. Now suppose that g,/ € Stabg(x). Then

(gh) - x=g-(h-x)=g-x=x
so gh € Stabg(x). Finally,

g lix=g""(gx)=(g7'g) x=1g-x=x
and hence ¢~! € Stabg(x). Therefore Stabg (x) < G by Propo-
sition 2.3.
(ii) For any ¢ € G, we have ¢ € (,ex Stabg(x) if and only if
g-x = x for all x € X. This is equivalent to g lying in the
kernel of the action.

This completes the proof. O



Some books refer to the stabiliser Stabg(x) as the isotropy sub-
group.

The following important theorem gives a strong connection between
orbits and stabilisers of a group action:

Theorem 6.15 (The Orbit-Stabiliser Theorem) Let G be a finite
group acting on a set X, and let x € X. Then

|G| = [Orbg(x)| x |Stabg (x)]-

Proof Lety € Orbg(x). Then there exists some element ¢ € G with
g-x =y. Let H = Stabg(x). For some element k € G we have
k-x = yif and only if k- x = ¢ - x, or equivalently (¢~ 'k) - x = x,
which is the same as saying that ¢~k € Stabg(x) = H. And by
Proposition 2.13 this means that k € gH.

So the elements k € G with k - x = y are exactly the elements of the
coset gH. And by Proposition 2.17, we have |¢H| = |H|. That is, for
each y € Orbg(x) there are exactly |H| elements k € G such that
k-x = y. Hence the total number of such elements y € Orbg(x)
must be |G|/|H|, so

G| = [Stabg (x)[ > [Orbg (x)]

as claimed. O

6.3 Conjugacy classes

Now we want to look at the orbits of the conjugation action. This
will enable us to prove a couple of important results about alternat-
ing groups.

Definition 6.16 Let G be a group, and consider the conjugation
action of G on itself. The orbits of this action are called conjugacy
classes, and we will denote the conjugacy class of a given element
g € Gby

Clg(g) = Orbg(g) = {hgh™' : h € G}.

What about the stabiliser Stabg(g) of a given element g € G? By
definition, this comprises the elements h in G for which h- g = g.
That is, all & € G such that hgh~! = g, or equivalently hg = gh. So
the stabiliser Stabg(g) consists of everything in G that commutes
with the chosen element g. As noted earlier, the kernel of this action
is the centre Z(G) of the group.

Definition 6.17 Let G be a group. The centraliser of an element
g € G is the subgroup

Ci(g) =Stabg(g) ={h € G:hgh ' =g} ={h € G:hg = gh}.

Applying the Orbit-Stabiliser Theorem, we get the following result:

Proposition 6.18 Let G be a finite group and let g € G. Then
[Cls(8)[ = |Orbg(8)| = [G|/[Stabs (8)| = [G[/[Cc(8)l-

Let’s look at some examples.
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Example 6.19 Let G be an abelian group. Then Z(G) = G. Also,
for any g € G, the centraliser C5(g) = G, and the conjugacy class

Clg(g) = {g}-

Example 6.20 Let G = Dy = {1,r, 2,13, my, myr, myr
Then Clg(1) = {glg~': ¢ € G} = {1}, and C5(1) = G.

Since r'r? = r?r' and (r'mq)r? = r2(r;my) for 1 < i < 4 we have

2,m11f3}.

Clg(r*) = {r*} and Cg(1?) =G.
Now (r) < Cg(r) while rmy = my # my = myr. Hence
4= <ICe(r)] < G| = 8.

Lagrange’s Theorem implies that |Cs(7)| = 4, so Cg(r) = (r) =
{171, 2, 1’3}. By Proposition 6.18, it follows that
ICle(r)| = |G|/ |Ca(r)| = 8/4 =2.

And since myrm; ! = r® we have Clg(r) = {r,r*}.

Similarly, {1,mq,7%,r*m1} < Cg(my), while rmy = my # mgq =
mqr. Hence
4 < [Ce(m)] < |G| =38,

and by Lagrange’s Theorem |Cg(m7)| = 4. Thus
Co(my) = {1, my, 7%, rPmy} = {1,mq,1*, m3} =V, = ZyxZs.
By Proposition 6.18, we have

|Clg(m1)| = |G[/|Ce(m)| = 8/4 = 2.

1

Since rmyr~! = r>my = mj3 it must be the case that

Clg(my) = {my,r*my} = {my, m3}.
Finally, we can see that

Clg(rmy) = {rmy,Pmy} = {my, my}

2

and Cg(rmy) = {1,rmy,r ,r3m1} = {1,m2,r2, my}.

Hence the conjugacy classes of D, are
Clg(1) = {1}, Clg(my) = Clg(ms) = {my, ms},

CIG(T"z) = {7’2} ClG(mz) = CIG(WI4) = {mz, 7714},
Clg(r) = Clg(r®) = {r,7*}.

The conjugacy class of a permutation in a symmetric group Sym(X)
is determined entirely by the permutation’s cycle structure. We will
prove this in two parts.

Proposition 6.21 Let 0,7 € Sym(X). Then if we write ¢ in cycle
form, we can obtain the conjugate Tot~! by replacing each x € X in
the cycles of o by T(x).

Proof Suppose that (xq,...,x,) is a cycle of 0. Then o(x;) = xp, and



hence t(x1) = T(x2). Furthermore, Tot~!

T(x1) = T(x2). Similarly,
ot (%) = T(xi4q1) for 1 < i < r, and ot 'T(x,) = T(x7).
Hence the conjugate Tt~ ! has a cycle (t(x1), T(x2),...,7(x,)). O
For example, suppose o, T € Sy such that o = (1,5)(2,4,7,6) and

T =(1,3,5,7,2,4,6), then To1! = (3,7)(4,6,2,1).

Definition 6.22 Let o € Sym(X). We say that ¢ has cycle type
2723"34"4 | if it has exactly r; cycles of length i, for i > 2.

So Proposition 6.21 says that conjugation in Sym(X) doesn’t change
the cycle type; that is, conjugate cycles in Sym(X) have the same

cycle type.
The converse holds as well, giving the following proposition.

Proposition 6.23 Two permutations in Sym(X) are conjugate if and
only if they have the same cycle type.

Proof By Proposition 6.21, two conjugate permutations in Sym(X)
have the same cycle type.

Conversely, suppose that two permutations ¢, T € Sym(X) have the
same cycle type. Then we can define a bijective correspondence
between the cycles in ¢ and those in T such that each cycle in ¢ is
paired with one of the same length in 7.

Suppose a cycle (xq,...,x,) in ¢ is paired with a cycle (y1,...,yr)
in 7. Then we can construct a permutation « € Sym(X) such that
a(x;) = y; for 1 <i < r. Then by Proposition 6.21,

w(xy, .. x)a = (a(xy),...,a(x) = (y1,.. ., yr).

We can do this for all the constituent cycles of ¢ to obtain an element
« € Sym(X) such that aca™! = 7. Hence permutations with the
same cycle type are conjugate in Sym(X). O

We can use this result to find the conjugacy classes of symmetric
groups Sy:

Example 6.24 The group S3 has three conjugacy classes:
cycle type conjugacy class
1 {1}

2! {(1,2),(1,3),(2,3)}
3! {(1,2,3),(1,3,2)}

Example 6.25 The symmetric group S4 has five conjugacy classes:

cycle type conjugacy class

1 {t}

2! {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}

22 1(1,2)(3,4),(1,3)(2,4),(1,4)(2,3) }

3! {(1,2,3),(1,2,4),(1,3,4),(2,3,4),
(1,3,2),(1,4,2),(1,4,3),(2,4,3)}

41 {(1,2,3,4),(1,2,4,3),(1,3,2,4),
(1,4,3,2),(1,3,4,2),(1,4,2,3)}

Things get slightly complicated with the alternating groups Alt(X).
The reason for this is that just because two even permutations are
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4 Theorem 2.18, page 21.

conjugate in Sym(X), it doesn’t necessarily mean that they are
conjugate in Alt(X).

For example, 0 = (1,2,3,4,5) and 7(1,3,5,2,4) are both conjugate
in Ss; in particular if we set « = (2,3,5,4) € S5, then aon~t = 1.
But « is a 4—cycle, and hence an odd permutation, so it doesn’t
belong to As. In fact, there is no even permutation that conjugates
o to T. So ¢ and T are conjugate in S, but not in As.

Sometimes the conjugacy class of a permutation in A is the same

as its conjugacy class in S;;, and sometimes it is half of the corre-

sponding class in S;,.

Proposition 6.26 Let G =S, and H = A,,. Let 0 € H. Then either

Clu () = Clg(0) or [Clyg(0)] = 1[Clg (o).

Proof Since H = A, < S, = G, if « € H then « € G and so
oca~1 € Clg (o). Hence Cly(c) C Clg(o).

Also, if « € Cy(c) thena € H < G and ac = oa, so a € Cg(0).

Thus CH((T) - CG(O').

By Proposition 6.18,

ICle(@)l[Co(0)] = [Sn| = 2[Au| = 2|Cla(0)[|Cr(0)]| (6.1)

Since Cy(c) is a subgroup of Cg(c), by Lagrange’s Theorem,*

|Cy(0)| divides |Cg(c)|. We thus have three possible cases:

Case 1 Cpy(v) = Cg(0). Then |Cly(c)| = 5|Clg(0)| by (6.1).

Case 2 |Cy(0)| = 3|Cs(c)|. Then Cly(v) = Clg(c) by (6.1).

Case 3 |Cy(0)| < 3|Cg(0)|. Since Cly(v) < Clg(c) it must be the
case that |Cly(0)| < |Clg(0)|, which contradicts (6.1).

Only cases 1 and 2 can occur, while case 3 is impossible. This
completes the proof. ]

Example 6.27 The possible cycle types for elements of A4 are
1 (the identity permutation), 22 (double transpositions) and 3!
(8—cycles). The 3—cycles form two conjugacy classes.

cycle type conjugacy class size
1 {t} 1
22 {(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)} 3
3! {(1,2,3),(4,2,1),(2,4,3),(3,4,1)} 4
3t {(1,3,2),(4,1,2),(2,3,4),(3,1,4)} 4

Example 6.28 We now calculate the conjugacy classes in As. Let

G:S5andH:A5.

Cycle type 1 The identity permutation : = ( ) forms a conjugacy
class on its own.

Cycle type 22 Let ¢ € As have cycle type 22. There are 15 per-
mutations in S5 of this cycle type, so by Proposition 6.26,
ICly(0)| = 15 or £. But |Cly(c)| must be an integer, so
|Cly(0)| = |Clg(0) = 15|, and hence the permutations of cycle
type 22 form a single conjugacy class in As.

Cycle type 3! There are 20 permutations of cycle type 3! in Ss.
This is even, so we have to do a bit more work than the previous
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case.
Consider two such permutations

= (xll X2, x3) and T= (yll ]/2/ y3)

in As, where

{xll X2,X3, X4, X5} = {y1/y2/y3/y41y5} - {1/2/3/4/5}-

Here, x4 and x5 are the two elements of {1,2,3,4,5} fixed by o,
while y4 and ys5 are the two elements fixed by 7. By Proposi-
tion 6.23, 0 and T are conjugate in Ss. To see this, define « € S5
to be the permutation

Ko X1 Y1, X2 = Y2,X3 > Y3, X4 > Y4, X5 —> Ys.

Then aca~! = 7.

The problem here is that & might not belong to As. To resolve
this, let B = a(x4, x5). Then ,8(7,3_1 = 7. Furthermore, either
« or B is an even permutation, because f is « multiplied by a
transposition. Hence either « or  belongs to As, so o and 7 lie
in the same conjugacy class, and thus the permutations of type
3! form a single conjugacy class in As.

Cycle type 5! Let o be a 5—cycle in As. There are 24 permutations
of cycle type 5! in Ss, so by Proposition 6.26, |Cly(c)| = 12 or
24. By Proposition 6.18, |Cly(c)| divides |G| = |As| = 60. But
24 /60, so it must be the case that |Cly(c)| = 12. Thus the
permutations of cycle type 5! split into two conjugacy classes
in As, each of size 12.

To summarise, As has five conjugacy classes:

cycle type size

1 1
22 15
3! 20
51 12
51 12

6.4 Simple groups

Now we will briefly study an important class of groups. A full
discussion is very much beyond the scope of these notes, but we
will look at some relatively straightforward cases.

Definition 6.29 A group G is simple if it has no proper, nontrivial
normal subgroups. That is, if its only normal subgroups are {1}
and G itself.

Proposition 6.30 A simple abelian group G is cyclic of prime order. l

Proof Let G be an abelian group. All subgroups of an abelian group
are normal, so we just need to find a proper, nontrivial subgroup to
ensure G is not simple.

Choose some element ¢ € G such that ¢ # 1. If |g| is infinite,
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5 The finite groups of Lie type are cer-
tain classes of matrix groups over finite
fields, while the sporadic groups are 26
special cases that don’t fit into the other
three categories. The smallest sporadic
group is the Mathieu group Mj;, which
has 7920 elements, and the largest is
the Monster, which has approximately
8x10% elements. It’s finite, but it’s still
very large.

then the cyclic subgroup (g?) is nontrivial and proper, so G is not
simple. If |g] is finite but not prime, for example |g| = mn for some
m,n € Z, then the cyclic subgroup (¢") has order 1 < n < |G|,
and is thus proper and nontrivial. Hence |g| = p is prime, and it
must be the case that (g) = G, otherwise (g) would be a proper
nontrivial subgroup.

Hence G = (g) = Z,. O
There are infinitely many finite nonabelian simple groups. The full
classification theorem is as follows:

Theorem 6.31 Let G be a finite simple group. Then G is one of the
following four types:

(@) cyclic groups Z,, of prime order,
(ii)  alternating groups A, for n > 4,
(iii) finite groups of Lie type,

(iv)  sporadic groups.

We’ve met types (i) and (ii) already, and types (iii) and (iv) are
beyond the scope of this module and we will not discuss them fur-
ther,> except to note that the full proof of this classification theorem
took hundreds of mathematicians a few decades to complete, and
is spread over several thousand pages of journal articles.

To finish this chapter, and also the part of this module concerned
with group theory, we will prove a couple of results about alter-
nating groups. Both of these results require the following simple
lemma:

Lemma 6.32 A subgroup H of a group G is normal if and only if it is
a union of conjugacy classes.

Proof By Proposition 3.7, H < G if and only if ¢hg™! € H for all
g € Gand h € H. But this is the same as saying that H < G if and
only if Clg(h) C H forall h € H. O

The first result is one that we mentioned earlier. It is the smallest
counterexample to the converse of Lagrange’s Theorem.

[ Proposition 6.33 The alternating group A4 has no subgroup of order 6. l

Proof Suppose that H < Ay such that |[H| = 6. Since |A4| = 12,
then |As : H| = 2 and by Proposition 3.5 H must be a normal
subgroup of A4. By Lemma 6.32, H must be a union of conjugacy
classes, and in Example 6.27 we found that A4 has one conjugacy
class of size 1 (containing the identity element), one of size 3, and
two of size 4. The subgroup H must certainly contain the one-
element conjugacy class consisting of the identity, and then we must
find some combination of the remaining three conjugacy classes to
provide five other elements. But there is no such combination, so
the desired subgroup H can’t exist. ]

The proof of the following fact is similar.

Proposition 6.34 The alternating group As is simple.

Proof Suppose that N is a proper, nontrivial normal subgroup of
As. Then by Lemma 6.32, N must be a union of conjugacy classes.
In Example 6.28 we found that As has one conjugacy class of size 1,



15 and 20, and two of size 12. So |N| must be the sum of some or
all of the numbers 1, 12, 12, 15 and 20.

Furthermore, N must contain the identity, so 1 must be one of these
numbers. By Lagrange’s Theorem, |N| must divide |As| = 60. But
no such combination adds up to a divisor of 60 other than 1 or 6o
itself.

To see this, we know that 1 must be included in the sum. And none
of the numbers 1+12 = 13, 1+15 = 16 or 1+20 = 21 divide 60. So
any valid combination must include at least two of the numbers 12,
12, 15, 20. But then the sum is at least 1+12+-12 = 25, which doesn’t
divide 60. The next smallest possibility is 1+12+15 = 28, which
also doesn’t divide 60. And the one after that is 1+12+20 = 33
which is greater than 30, the largest proper divisor of 6o.

So no such normal subgroup N exists, and hence As is simple. [
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7 Rings and Subrings

ow we begin the second part of this module. So far, we’ve been
N studying groups: sets equipped with a binary operation satis-
tying certain properties. Our original model for this structure was
the additive structure of the integers. But there is another familiar
operation on the set of integers: multiplication. In this section we
introduce a new algebraic structure that has two operations, one
analogous to addition and the other to multiplication.

7.1 Rings

The integers form an abelian group under addition, but the multi-
plicative structure is slightly weaker. In particular, no integer apart
from 1 and —1 has a multiplicative inverse. And although integer
multiplication is commutative, this isn’t something we’re going to
insist on in general.

We'll start with the following definition.

Definition 7.1 A ring R = (R, +, -) is a set R together with two bi-
nary operations + (called ‘addition’) and - (called ‘multiplication”)
satisfying the following properties:
R1 (R, +) is an abelian group. (additive group)
Rz  (ab)c =a(bc) for all a,b,c € R. (associativity)
R3 (a+b)c=ac+bcanda(b+c)=ab+acforalla,b,ceR.
(distributivity)
R4  There exists an element 1 = 1z € R such that 1a =al =a
for all a € R. (identity)

We will typically write ab instead of a - b. The identity element of
the group (R, +) will be denoted Og, or usually just 0 (as with the
usual additive notation for groups).

Definition 7.2 A ring R is commutative if it satisfies the following
condition:

Rs ab=baforallabeR. (commutativity)

Some books omit the identity property R4 from the general defi-
nition of a ring, and give rings that do satisfy that requirement a
special name, such as unital rings, rings with unity, or rings with
1. We will adopt the convention that rings do have multiplicative
identities.

Rings satisfying only properties R1, R2 and R3 are sometimes called
nonunital rings, rings without 1, or rngs." These are interesting in

N s ; ?? of S3EL
One Ring to rule them all,
One Ring to find them,

One Ring to bring them all
and in the darkness bind them.

— JRR Tolkien (1892-1973),
The Fellowship of the Ring (1954)

* Often pronounced “rung”.
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? Proposition 1.14, page 5.

3 Lemma 1.15, page 5.

their own right, but beyond the scope of this module.
Time for some examples.

Example 7.3 The familiar number systems Z (integers), Q (ra-
tional numbers), R (real numbers) and C (complex numbers) all
form commutative rings with the usual addition and multiplica-
tion operations.

Example 7.4 For any n € N, the set Z, = {0,1,2,...,n—1}
forms a commutative ring with addition and multiplication mod-
ulo n.

Example 7.5 The set {0} forms a ring with the (only possible)
addition and multiplication operations 0 +0 = 0 and 0-0 = 0.
This is sometimes called the zero ring.

Example 7.6 If R is a ring, then the set M, (R) or M, x,(R) of
all nxn matrices with entries in R forms a ring under the usual
addition and multiplication operations.

Matrix rings are usually noncommutative: M, (R) is commutative
if and only if R is the zero ring, or if R is commutative and n = 1.

Example 7.7 For a ring R, let R[x| be the set of finite-degree
polynomials with coefficients in R. Then R[x] forms a ring under
the usual addition and multiplication operations. In general, R|x]
is commutative if and only if R is.

Now for a few elementary properties.

Lemma 7.8 Let R be a ring. Then 0a =0 = a0 and (—1)a = —a =
a(—1) forall a € R.

Proof First, note that
0a = (0+0)a =0a+ 0a

by the distributivity condition. And by the cancellation law? in the
additive group (R, +) it follows that 0z = 0. And 40 = 0 by a very
similar argument.

Note that —a denotes the additive inverse of 4, and —1 denotes the
additive inverse of 1. Then

(-1)a+1la=((-1)+1)a=0a=0

s0 (—1)a = —a by the uniqueness of inverses in the group (R, +).3
And a(—1) = —a by a very similar argument. O

Lemma 7.9 Let R be a ring. Then R has a unique multiplicative
identity element 1.

Proof Let 1 and e be two identity elements of R. Then 1 = 1le = e.
So R has a unique identity element. O

Lemma 7.10 Let R be a ring such that 0 = 1. Then R = {0}. I

Proof For all 4 € R we have ¢ = al = 40 = 0, so R must be the
zero ring. OJ



7.2 Subrings

In Chapter 2 we studied the concept of a subgroup: a subset of a
group that is a group in its own right. Now we will introduce and
study the corresponding concept for rings.

Definition 7.11 A subset S of a ring R is a subring of R if it forms
a ring under the same addition and multiplication operations as
R, with the same identity element.

Just as with the definition of a ring, some books don’t require a
subring to have the same multiplicative identity element as R, or
even an identity at all. Similarly to Proposition 2.3, the following
result gives a method of checking whether a given subset is indeed
a subring.

Proposition 7.12 Let R be a ring, and let S C R be a subset of R.
Then S is a subring of R if and only if:

@) (S,+) is a subgroup of (R, +),

(ii) abe Sforalla,b e S, and

(i) 1r €S.

Proof If S is a subring of R then all three conditions hold.

Now suppose (S,+) < (R,+). Since (R, +) is abelian, so is (S, +)
thus condition R1 in Definition 7.1 holds. Properties R2 (associativ-
ity) and R3 (distributivity) hold in S because they hold in R.

Conditions (i) and (ii) ensure that the restriction of the addition and
multiplication operations of R to the subset S give valid addition
and multiplication operations for S. And condition (iii) ensures that
property R4 (identity) holds. Hence S is a ring in its own right, and
thus a subring of R. O

Now we’ll look at some examples.

Example 7.13 The set Z[i] = {a+bi:a,b € Z} is a subring of C.
This is the ring of Gaussian integers.

Example 7.14 The set Z[v/2] = {a+b\/2:a,b € Z} is a subring
of R.

Example 7.15 The set

{%:a,reZandrEO}

is a subring of Q.

Example 7.16 Let R be a ring, and let UT,(R) and LT,(R) be
the sets of, respectively, upper and lower triangular nxn matrices
with entries in R. These are both subrings of M, (R).

From these examples we can see that sometimes the easiest way of
defining a ring is to present it as a subring of a ring we already know
about. This way, we can avoid defining addition and multiplication,
and prove associativity and distributivity: we just need to check
closure under 4+, — and -, check that the set contains 1, and then
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4 Definition 1.24, page 8.

use Propositions 2.3 and 7.12.
The next result is a ring-theoretic analogue of Proposition 2.9.

Proposition 7.17 Let R be a ring, and let S and T be subrings of R.
Then the intersection SNT is also a subring of R.

Proof Since S and T are both subrings of R, then both (S, +) and
(T,+) are additive subgroups of (R, +), and by Proposition 2.9,
(SNT,+) is an additive subgroup of (R, +).

Now suppose that a,b € SNT. Then since S is a subring of R, the
product ab € S. And similarly ab € T since T is a subring of R. So
ab € SNT.

Finally, since S and T are both subrings of R, it follows that 1 € S
and 1 € T, so 1 € SNT. Therefore, by Proposition 7.12, SNT is a
subring of R. O

7.3 Isomorphisms and direct products

When we first started studying groups, we formulated and explored
the concept of an isomorphism,* a structure-preserving bijection
between groups. Now we want to formulate the corresponding
notion for rings. Since rings are effectively additive abelian groups
with some extra structure, we want an (additive abelian) group
homomorphism that also respects the multiplicative structure.

Definition 7.18 Let R and S be rings. Then a function f: R — S
is an isomorphism if:

(i)  f is a bijection,

i) f(ri+7r)=f(r1)+ f(rp) forall r,r, € R, and

(iii) f(?’ll’z) = f(Tl)f(Vz) for all rq,7, € R.

We say that R and S are isomorphic if there is an isomorphism
between them. If so, we write R = S.

Ring isomorphisms satisfy similar properties to group isomor-
phisms:

Lemma 7.19 Let R and S be rings, and suppose that f: R — S is an
isomorphism. Then:

(1) f(OR) = 05, and
(i)  f(1g) = 1s.

Proof The first of these follows from Proposition 4.2: since f: R —
S is an isomorphism, we know that f(0r) = 0s.

To prove the second property, let s € S and suppose that s = f(r)
for some 7 € R (such an element r exists because f is surjective).
Then

sf(1x) = F(f (1) = f(r1R) = f(r) = s
and  f(1R)s = f(IR)f(r) = f(1gr) = F(r) =s

which means that f(1g) is an identity of S. It follows from Lemma 7.9
that f(lR) = 15. ]



Definition 7.20 Let R and S be rings. Their direct product RxS
is the cartesian product

RxS={(r,s):r€R,s€S}

of ordered pairs of elements from R and S, with the obvious
component-wise addition and multiplication operations:

(r1,81) + (r2,82) = (r1+72,81+52)
(r1,51)(r2,52) = (r112,5152)

for all 1,7, € R and sq1,s, € S.

It is straightforward to check that RxS is a ring under these
operations. The multiplicative identity element is 1gxs = (1g, 1s).

Earlier,> we saw that the direct product Gx H of two groups G and
H contains a subgroup Gx {1y} isomorphic to G and a subgroup
{1g} xH isomorphic to H. The corresponding property doesn’t
hold in general for rings, however. The elements of the form (r,0g)
form a ring isomorphic to R, but the identity element of this ring is
(1gr,05), whereas the identity element of RxS is 1gxs = (1g, 1s).

The following important theorem is related to Proposition 3.20. It is
usually called the Chinese Remainder Theorem, and its earliest known
statement occurs in a mathematical treatise called Sun Tzu Suan
Ching ("The Mathematical Classic of Sun Tzu’) written sometime
during the third to fifth centuries CE and attributed to a mathemati-
cian named Sun Tzu® (or Sunzi).””® There have been suggestions
that it be named after its original discoverer.

Theorem 7.21  (Chinese Remainder Theorem / Sun Tzu’s Theo-
rem) The rings Z, X Z,, and Zyy are isomorphic if and only if m and
n are coprime; that is, if gcd(m,n) = 1.

Proof If m and n are not coprime, then their least common multiple
I =lem(m, n) < mn. The additive abelian groups (Z,,xZ,,+) and
(Zyn, +) are not isomorphic, because the order of 1 in (Zyy,, +) is
mn, but for any element (a,b) € Z,, xZ, we havel(a,b) = (la,1b) =
0, so no element of Z,,, xZ,, has order mn, and so by Proposition 1.26
there is no isomorphism from Z,, X Z,, — Zy.

Conversely, suppose that m and n are coprime, and let [x],, denote
the residue of x modulo m. We now define f: Z,;, — Z,,xZ, by
f(x) = ([x]m, [x]n)-

It is clear that f(x +y) = f(x) + f(v) and f(xy) = f(x)f(y) for all
X,Y € Zmn, so the structural conditions are satisfied.

We must now show that f is a bijection. If f(x) = f(y) then
[X]m = [y]m and [x], = [y]n, so m and n both divide (x—y). But
since m and n are coprime, this implies that mn divides (x—y) and
hence [x|mn = [Y]mn. Hence f is injective. And since |Z,, xZ,| =
|Zn| = mn, f must be surjective too. Thus f is a bijective ring
homomorphism, and hence an isomorphism. O

We can prove the following corollary by induction on k.
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5 Proposition 3.17, page 29.

¢ ‘Master Sun’.

7 This Sun Tzu is a different person to
the military strategist who wrote The
Art of War, and lived during the sixth
century BCE.

8 Later discussions of the theorem occur
in the work of the Indian mathemati-
cians Aryabhata and Brahmagupta in
the sixth and seventh centuries CE, and
the Liber Abaci of Leonardo of Pisa (Fi-
bonacci) in 1202 CE. The earliest known
complete solution occurs in the Shushu
Chuichang or Mathematical Treatise in Nine
Sections, written by the Chinese mathe-
matician Qin Jiushao in 1247 CE.
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Corollary 7.22 Ifn = py' ... p* is a decomposition of n into a product
of distinct primes, then

I

Z. Z g X+ XL n
n pll pkk

as rings.

7.4 Integral domains and fields

For any two integers 4,b € Z we have ab = 0 only when either a
or b is zero (or both). However, this property isn’t shared by all
rings: for example, the nonzero matrices A = [} ] and B = [§9]
in M,(R) multiply to give AB = [ 8] = BA.

Definition 7.23 Let R be a ring. Then a nonzero element a € R is
a left zero divisor if there exists a nonzero element x € R such
that ax = 0. Similarly, a nonzero element b € R is a right zero
divisor if there exists some nonzero element y € R such that
yb = 0. An element that is both a left and right zero divisor is
called a two-sided zero divisor.

In this terminology, we can say that Z has no zero divisors, while
the matrix ring M, (IR) does have zero divisors.

Rings that contain no zero divisors, and in which we can assume
that ab = 0 implies that either a = 0 or b = 0 (or both), are
particularly important, and we give them a special name:

Definition 7.24 An integral domain (or a domain) is a nontrivial
commutative ring R that has no zero divisors. That is, if ab = 0
then either a = 0 or b = 0 (or both) for all a,b € R.

Let’s look at some examples.

Example 7.25 The rings Z, Q, R and C are all integral domains.

Example 7.26 Let R and S be commutative rings. Their direct
product RxS is not an integral domain. In particular, for any
r € Rand s € S, the elements (r,0) and (0,s) are zero divisors,
because (7,0)(0,s) = (0,0) = (0,s)(r,0).

Example 7.27 Every subring of an integral domain is an integral
domain. The reason for this is that if R is an integral domain, and
S is a subring of R, then if R doesn’t contain any zero divisors,
neither does S.

For example, the rings Z[i] and Z[v/2] are integral domains.

Proposition 7.28 The ring Z, is an integral domain if and only if n
is prime.

Proof If n =1 then Z, = {0} is the zero ring, which isn’t a domain.

If n=abwith1l <a,b<n,then ab =0 witha,b # 0in Z,, so Z,
is not a domain.

If n is prime, then n does not divide ab for any 0 < 4,b < n, so
ab # 0in Z, and hence Z, is an integral domain. O



Since a ring is an abelian group under addition, the additive can-
cellation laws® apply, but the same is not in general true for multi-
plication. However, the following proposition confirms that multi-
plicative cancellation laws hold in an integral domain:

Proposition 7.29 Let R be an integral domain. Suppose that a,b,c €
R with a # 0 and either ab = ac or ba = ca, then b = c.

Proof Suppose that ab = ac. Then by the distributive law we have
ab—ac = a(b—c) = 0. And since R is a domain with a # 0 that
means that b — ¢ = 0, and hence b = c.

The proof for ba = ca is very similar. O

Every element in a group has a unique inverse, and every element
in a ring has an additive inverse. But not every element in a ring
need have a multiplicative inverse. Those that do are worthy of a
special name:

Definition 7.30 Let R be a ring. An element 4 € R is a unit if
it has a two-sided inverse under multiplication; that is, if there
exists b € R such that ab = 1 = ba.

These invertible elements form a group:

Proposition 7.31 Let R be a ring, and denote by R* the set of all units
in R. Then R* forms a group under multiplication. This is called the
group of units of the ring R.

Proof If 2 € R* is a unit, then it has an inverse a~!. This inverse
must also belong to R*, because it is also invertible with inverse a.
Hence every element of R* has an inverse.

We need to check that R* is closed under multiplication. To see this,
consider two elements a,b € R*. Being units, they have inverses a !
and b1 in R*. And by Lemma 1.16, ab is invertible, with inverse
b=1a=1. So the restriction to R* of the multiplication operation in R
is a valid binary operation on R*.

This operation is associative, since multiplication in R is associative.

And finally, the multiplicative identity element 1 € R is its own
inverse, and thus belongs to R*. Hence R* is a group. O

Example 7.32 The ring Z of integers has only two units, namely
land —1. So Z* = {1, -1} = Z,.

Example 7.33 The group U, = {m € Z, : gcd(m,n) = 1} intro-
duced in Example 1.8 is the group of units of the ring Z,.

Example 7.34 In the rings Q, R and C, every nonzero element is
a unit, so we have

Q"=Q\{0}, R*'=R\{0}, C"=C\{0}.

In the first and third of these examples we see the extremes of the
possible outcomes. In Z, the minimum possible number of elements
(namely 1 and —1) are units, while in Q, R and C everything but
zero is a unit. This latter case is important, and we give it a couple
of special names:

RINGS AND SUBRINGS
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Definition 7.35 A nonzero ring R is said to be a division ring if
R* = R\ {0}; that is, if every nonzero element is a unit.

A commutative division ring is called a field.

There is a strong connection between fields and integral domains:

[ Proposition 7.36 Every field is an integral domain.

Proof Let F be a field. Suppose there exist nonzero elements a,b €
F\ {0} = F* such that ab = 0. Then a has a multiplicative inverse
a1 so

b=1b=a""ab=0a"'0=0,

which contradicts the assumption that b # 0. So F must be an
integral domain. l

[ Proposition 7.37 Every finite integral domain is a field. I

Proof Let R = {ro,r1,...,n} be a finite integral domain, with
ro = 0. By the multiplicative cancellation laws in Proposition 7.29,
for fixed i > 0, the n products rit (where 1 < j < n) are all distinct
and nonzero. Since there are n possible values for these n products,
they all occur exactly once. In particular, there is some j such that
rirj =1, and hence 7; is a unit, with rl._l =rj. Thus R is a field. [J

Corollary 7.38 The ring Z, is a field if and only if n is prime. l

Proof This follows from Propositions 7.28 and 7.37. O

Definition 7.39 Let R be a ring. If there exists a positive integer
n such that na = 0 for all 4 € R, then we call the smallest such
positive integer the characteristic of R, denoted char(R). If no
such positive integer exists, we say that R has characteristic 0.

[ Example 7.40 The ring Z, has characteristic n. l

[ Example 7.41 The rings Z, Q, R and C have characteristic 0. l

Example 7.42 The polynomial ring R[x]| has the same characteris-
tic as R.




8 Ideals and Quotients

NEXT, we want to develop ring-theoretic concepts analogous to
homomorphisms, normal subgroups and quotient groups.

8.1 Homomorphisms

First we begin with the concept of a ring homomorphism. This is
very similar to the concept of a group homomorphism, and indeed
we’ve met the bijective case already when we defined the notion of
a ring isomorphism.* So we will define a ring homomorphism to
be the more general case where we don’t require bijectivity:

Definition 8.1 Let R and S be rings. A ring homomorphism is a
function f: R — S that satisfies the following conditions:

@  f(rn+r)=/f(r1)+ f(rp) forall ri,r, € R,

)  f(r1ir2) = f(r1)f(r2) forall r,r; € R, and

GiD) f(1r) = 1.

A (ring) monomorphism is an injective ring homomorphism, and
a (ring) epimorphism is a surjective ring homomorphism.

From Proposition 4.2 it follows that f(Og) = Og, and f(—a) = —f(a)
for all a € R. It doesn’t necessarily follow that f(1g) = 1g from the
additive and multiplicative conditions (i) and (ii) in Definition 8.1,
so we incorporate it into the definition explicitly.?

Example 8.2 For any n € IN, the “reduction modulo n” operation
determines a ring homomorphism f: Z — Z, given by m

[m]y.

Example 8.3 Complex conjugation determines a ring homomor-
phism f: C — C given by z — Z.

More generally, a homomorphism f: R — R from a ring to itself is
called a (ring) endomorphism, and an isomorphism from a ring to
itself is called a (ring) automorphism.

Example 8.4 If f: R — S is a ring homomorphism, then there is
an induced homomorphism f: R[x] — S[x] defined by

flanx" 4+ - +ax+ag) = f(an)x" +-- -+ f(a1)x + f(ao).

We can define an induced homomorphism f: M, (R) — M,(S)
on matrix rings in a similar way.

Mrs Erlynne: Ideals are dangerous
things. Realities are better. They
wound, but they’re better.

Lady Windermere: If I lost my ide-
als, I should lose everything.

— Oscar Wilde (1854-1900),
Lady Windermere’s Fan (1893)

* Definition 7.18, page 66.

*However, in some books (especially
those that don’t require rings to have
multiplicative identity elements) ring
homomorphisms aren’t by default re-
quired to satisfy this condition, and ones
which do are sometimes called unital
homomorphisms.
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Example 8.5 Let R be a ring, and let R[x] be the ring of finite-
degree polynomials with coefficients in R. Choose a fixed element
a € R. The map ev,: R[x] — R given by

evqa(p) = p(a)

for all polynomials p € R[x], is called the evaluation map or eval-
uation homomorphism at 2 € R. (Important examples include
the cases where R =R or R = C.)

This is a ring homomorphism, since

eva(p+49) = (p+49)(a) = p(a) +q(a) = eva(p) +eva(q),
eva(pq) = (pq)(a) = p(a)q(a) = eva(p)eva(q)
) =

and evy (1R 1r

for all p,q € R[x].

Example 8.6 Let R be a commutative ring of prime characteristic
p; that is, pa = 0 for all 2 € R. Then the map f: R — R given by
f(a) = aP is a homomorphism. The multiplicative condition

f(ab) = (ab)? = aPb" = f(a)f(b)
is straightforward. The additive condition
fla+b)=(a+b)? =a? +b” = f(a) + f(b)
is less obvious, and holds because the commutativity in R implies
p—1

|
a4+ b =ab +pP+ Y P gkppk
( ) k;k!(p—k)l

and all the binomial coefficients in the sum are divisible by p.

Now we want to look at images and kernels of ring homomor-
phisms, as we did for group homomorphisms. The definition of the
image of a ring homomorphism is straightforward:

Definition 8.7 Let f: R — S be a ring homomorphism. Then the

image of f is
m(f) = {f(r): f € R}.

The image of a group homomorphism is a subgroup of its codomain.
Something very similar happens with ring homomorphisms:

Proposition 8.8 Let f: R — S be a ring homomorphism. Then the
image im(f) is a subring of the codomain S.

Proof By Proposition 4.11, (im(f), +) is a subgroup of (S, +). And
since f(1r) = 1g, the identity 15 € im(f).

Now suppose that s1,s, € S. Then there exist r1, 7, € R such that
f(r1) =s1and f(r2) = sp. And
s152 = f(r)f(r2) = f(rir2)

s0 s15p € im(f). Hence im(f) is a subring of S. O
We need to think a little bit about how to define the kernel of a



ring homomorphism f: R — S. We want to consider the elements
in R that map to the identity in S, but we have two identities to
consider: the additive identity Os and the multiplicative identity
1s. We will choose the additive identity Og: a ring is an abelian
group with extra structure, so this way we ensure that the kernel of
a ring homomorphism is effectively the kernel of an abelian group
homomorphism with some extra structure.

Definition 8.9 Let f: R — S be a ring homomorphism. Then the
kernel of f is

ker(f) ={r € R: f(r) = 0s}.

By Proposition 4.13, a ring homomorphism is injective if and only if
its kernel is trivial.

Now consider the “reduction modulo n” homomorphism f: Z —
Z, given by f(m) = [m],. The kernel of this map is the set nZ of
multiples of n. This is not a subring of Z, since it doesn’t contain
l1eZ.

So in general, the kernel of a ring homomorphism isn’t necessarily
a subring of its domain.?

Proposition 8.10 Let f: R — S be a ring homomorphism. Then
kr € ker(f) and rk € ker(f) forall v € R and k € ker(f).

Proof If r € R and k € ker(f), then

fkr) = f(k)f(r) = 0sf(r) = Os
and  f(rk) = f(r)f (k) = f(r)0s = Os
so kr € ker(f) and rk € ker(f). O

8.2 Ideals

The next question we want to answer is: what is the ring-theoretic
analogue of a normal subgroup? In Proposition 4.14 we found
that kernels of group homomorphisms are normal subgroups, and
every normal subgroup can be viewed as the kernel of some homo-
morphism. So we will use kernels of ring homomorphisms as the
motivation for the following definition:

Definition 8.11 A subset I of a ring R is an ideal of R if:

It I is a subgroup of (R, +), and
I2 krelandrk e [forallr € Rand k € I.

Condition I2 is sometimes called the absorption condition.

Proposition 8.10 tells us that for any ring homomorphism f: R — S,
the kernel ker(f) is an ideal of R.

The next proposition describes what happens if an ideal contains
the multiplicative identity 1:

Proposition 8.12 Let I be an ideal of a ring R. If 1z € I then I = R.

Proof The absorption conditions I2 imply that kr € I and rk € I
for all r € R and k € I. In particular, setting k = 1, it follows that
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multiplicative identity, and therefore do
consider the kernel of a ring homomor-
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lr =r=rl€lforallr € R, and hence R C I. And I C R by
definition, so I = R. ]

In fact, the same thing happens if an ideal contains a unit:

Proposition 8.13 Let I be an ideal of a ring R. If I contains a unit a,
then I = R.

Proof The absorption conditions I2 again imply that ar € I and
ra € [forallr € R. Settingr = a~! weseethatas ' =1=a"lac,
and then by Proposition 8.12 it follows that I = R. O

An important class of ideals are those generated by a single element.

Example 8.14 The kernel of the “reduction modulo #n” homomor-
phism f: Z — Z, is an ideal:

ker(f) =nZ ={nm: mec Z}

More generally, we have the following;:

Definition 8.15 Let R be a ring, and suppose that 2 € R. The
principal ideal of R generated by a is the ideal

k

(a) = { Y rias; :ri,s; € R}.
i=1

If R is commutative, then this simplifies to

(a) ={ra:r € R}.

We will only be concerned with principal ideals of commutative
rings in this module.

Example 8.16 The principal ideals of Z are exactly those of the
form (n) = nZ for n € N. We will see later that these are the
only ideals of Z.

Example 8.17 Let F be a field, and set R = F[x], the polynomial
ring over F. The principal ideal (x) consists of all polynomials
with zero constant term; that is, those of the form

p=apx"+---+ax.

8.3 Quotient rings

Possibly the most important aspect of normal subgroups is that we
can use them to form quotient groups. The same is true for ideals.
Since an ideal I of a ring R is a subgroup of the additive group
(R,+), we can consider its cosets

I+a={k+a:k R}

We know from Proposition 3.11 that these cosets form a group under
addition, with the operation

(I4a) + (I4+b) = I+(a+b)

for all a,b € R. We just need to define a suitable multiplication
operation and we get a ring;:



Proposition 8.18 Let I be an ideal of a ring R. The cosets of I form
a ring under addition in the quotient group, and the multiplication
operation

(I4+a)(I+b) = I+ab

forall a,b € R. This is the quotient ring R/ I.

Proof We know from Proposition 3.11 that R/I forms a group under
addition, so axiom R1 in Definition 7.1 is satisfied.

We need to check that the multiplication in R/ I is well-defined. To
do this, suppose that I+a = I+r and [+b = [+s. Then (a—r) and
(b—s) belong to I, and so

ab=ab—as+as —rs+rs=a(b—s)+ (a—r)s+rs.
Hence
ab—rs =a(b—s) + (a—r)s.

But by the absorption condition I2, it follows that a(b—s) € I, since
(b—s) € I. And (a—r)s € I, since (a—r) € I. Soab—rs € I,
and hence I+ab = I+rs. The multiplication operation is therefore
well-defined.

Properties R2 (associativity) and R3 (distributivity) follow automati-
cally because they hold in R.

Finally, we set 1g,; = I+1g. Then for any I+a we have

(I4a)(I+1g) = I4+alg = I+a
and (I4+1r)(I+a) = I+1gra = I+a

so property R4 (existence of an identity) holds, and R/l is aring. [J

Example 8.19 The quotient ring Z/(n) is isomorphic to Z,. The
isomorphism f: Z, — Z/(n) is given by f(m) = m+(n).

8.4 The Isomorphism Theorems

There are ring-theoretic versions of the First,* Second> and Third
Isomorphism Theorems.® We will state all three, but only prove the
tirst:

Theorem 8.20 (First Isomorphism Theorem) Let f: R — Sbea
ring homomorphism with kernel I. Then R/1 = im(f). More precisely,
there is an isomorphism ¢: R/I — im(f) defined by ¢(I+a) = f(a)
foralla € R.

Proof By the First Isomorphism Theorem for groups,” ¢ is a well-
defined isomorphism of additive abelian groups. In particular, ¢ is
a bijection. Furthermore,

¢((I+a)(I+b)) = ¢p(I+ab) = f(ab) = f(a)f(b) = ¢p(I+a)p(I+D)

for all a,b € R. Hence ¢ is a ring isomorphism. O

We will apply this to our standard example:

IDEALS AND QUOTIENTS

4 Theorem 4.15, page 34-
5 Theorem 4.19, page 36.
¢ Theorem 4.21, page 37.

7 Theorem 4.15, page 34.
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Example 8.21 Let f: Z — Z, be the “reduction modulo n” homo-
morphism. This is surjective and has kernel ker(f) = (1), so by

the First Isomorphism Theorem we have Z/(n) = Z/ ker(f) =
im(f) — Zn.

The Second and Third Isomorphism Theorems are as follows:

Theorem 8.22 (Second Isomorphism Theorem) Let R be a ring,
let S be a subring of R, and let I be an ideal of R. Then

(S+1)/122S/(SNI).

Theorem 8.23 (Third Isomorphism Theorem) Let R be a ring,
and let I and | be ideals of R such that I C ]. Then

(R/])/(I/]) = R/I

The first of these requires the following lemma:

Lemma 8.24 Let R be a ring, let S be a subring of R, and I and ideal
of R. Then

(i)  S+I1isasubring of R,
(ii) I is an ideal of S+1, and

(iii) SNI is an ideal of S.




9 Domains

N this last chapter, we will look at notions of divisibility in integral
I domains,” and generalise the notion of a prime or irreducible
number to an arbitrary ring. We will then study three important
classes of integral domains, each of which shares certain important
properties with the ring Z of integers.

9.1 Divisibility

We'll start with the following definition:

Definition 9.1 Let a,b € R be elements of an integral domain R.
We say that a divides b if there exists some r € R such that b = ar.

The following lemma draws a number of important connections
between divisibility and principal ideals.

Lemma 9.2 Let R be an integral domain. The following statements are
equivalent for all a,b € R:

@ alp,

(i) be(a) and

(i) (b) C (a).

Proof To see that (i) implies (ii), suppose that a|b. Then b = ar for
some r € R. Thus b € (a) = {as :s € R}.

To show that (ii) implies (iii), if b € (a) then b = ar for some r € R
and so

(b) ={bt:t € R} = {(ar)t:t € R} ={a(rt) : t € R} C (a).
Finally, if (b) C (a) then
(b) ={bt:t € R} C {as:s € R} = (a).

Hence b € (a) and so b = ar for some r € R, which confirms that
(iii) implies (i). Thus all three statements are equivalent. O]

We now want to consider the case where two elements are divisible
by each other.

Definition 9.3 Let R be an integral domain. Two elements a,b €
R are associate (written a ~ b) if both a|b and b|a.

If we think about when this happens in our most familiar ring Z,
we can see that two integers m and n divide each other exactly when
either m = n or m = —n. That is, when one is equal to £1 times the

I never could do anything with fig-
ures, never had any talent for math-
ematics, never accomplished any-
thing in my efforts at that rugged
study, and to-day the only mathe-
matics I know is multiplication, and
the minute I get away up in that,
as soon as I reach nine times seven
...I've got it now. It’s eighty-four.
Well, I can get that far all right with
a little hesitation. After thatIam un-
certain, and I can’t manage a statis-
tic.

— Mark Twain (Samuel Langhorne
Clemens) (1835-1910),

In Aid of the Blind (29 March 1906),
Mark Twain’s Speeches (1910)

322-332

*Unless otherwise stated, we will be
working with integral domains rather
than more general rings in this chapter.
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2 Or highest common factor.

other. What is special about 1 and —1? They are the units (invertible
elements) in Z. This observation leads us to the following lemma.

Lemma 9.4 The following statements are equivalent for any elements
a and b in an integral domain R:

(i) an~b,

Gi) (b)) = (a), and

(iii) there exists a unit q € R with a = qb.

Proof The equivalence of statements (i) and (ii) follows quickly
from Lemma 9.2: if a ~ b then a|b and b|a, which is equivalent to
saying that (b) C (a) and (a) C (b), which occurs if and only if
(b) = (a).

To show that (i) implies (iii), suppose first that 2 = 0. Then a ~ b is
equivalent to saying that b = 0. So now assume that a,b # 0. There
exist g, € R such thata = gb and b = ra. Then a = gb = q(ra) =
(qr)a, so a(1 — qr) = 0 and since a # 0 and R is an integral domain,
it must be the case that 1 — gr = 0, so gr = 1 and thus g is a unit.

Proving that (iii) implies (i) is straightforward. If 2 = gb for some

unit g € R, then a|b. Furthermore b = g~ 'a, and hence b|a, which
means that a ~ b. l

Example 9.5 In Z, the only units are £1 so a ~ b if and only if
a = +b; that is, |a| = |b|.

Example 9.6 Let F be a field, and consider the polynomial ring
F[x]. The units in F[x] are the nonzero constants, so a ~ b if and
only if a = rb for some r € F\ {0}.

Note also that every polynomial in F[x] is associate to a unique
monic polynomial (that is, one with leading coefficient 1). Given

f=apx"+---ayx+ay € Flx],
with ag,...,a, € F and a, # 0, we can define a monic polynomial

g=x"4+ 1y oy 4 % g Fly]

with f = a,¢. Hence f ~ g.

We can form the greatest common divisor* and least common
multiple of two integers, and now we want to generalise these ideas
to arbitrary domains.

Definition 9.7 Let R be an integral domain, and suppose that
a,b € R. A greatest common divisor gcd(a,b) (or highest com-
mon factor hcf(a, b)) of a and b is an element d such that:

(i) d|aandd|b, and
(ii) for any c € R with c|a and c|b, then c|d.

Similarly, a least common multiple lem(a, ) is an element I € R
such that:

(i all and b|l, and
(ii) for any m € R with a|m and b|m, then I|m.

We can generalise this definition in an obvious way to define the
gecd or lem of any set of elements of R.



Note also that ged(0,4) = a and lem(0,4) = 0 for any a4 € R.

Strictly speaking, greatest common divisors and least common
multiples aren’t unique: for example in Z, both 2 and —2 are
greatest common divisors of 4 and 6. In general, they are defined
up to multiplication by a unit (in this case +1). However, we
will sometimes abuse terminology and notation by speaking of the
greatest common divisor of two elements and writing gcd(4,6) = 2
(or alternatively ged(4,6) = —2).

Proposition 9.8 Let R be an integral domain, and let a,b € R. If
c,d € R are greatest common divisors of a and b, then ¢ ~ d. And if
I,m € R are least common multiples of a and b, then | ~ m.

This follows almost immediately from Definition 9.7.

Proof Since c and d are greatest common divisors of a and b, we
have c|d and d|c, so ¢ ~ d.

And since [ and m are least common multiples of a2 and b, we have
I|m and m|l, so I ~ m. O

Greatest common divisors and least common multiples don’t neces-
sarily exist in an arbitrary integral domain, but they do in certain
types of domain (particularly Euclidean domains, unique factori-
sation domains, and principal ideal domains, which we will meet
soon).

9.2 Prime and irreducible elements

Now we want to generalise the notion of a prime number to an
arbitrary integral domain. There are two ways of defining prime
elements, that are equivalent for integers, but not necessarily in an
arbitrary domain.

One way is to say that a nonzero integer p # =£1 is prime if and
only if whenever p = mn then either m or n is equal to £1.

Definition 9.9 Let R be an integral domain, and suppose that
r € R\ {0}. Then r is irreducible if:

@) r is not a unit, and
(ii) if r = ab for some a,b € R, then either a or b is a unit.

The other way is to say that a nonzero integer p # =+ is prime if and
only if whenever p divides mn then p divides either m or n.

Definition 9.10 Let R be an integral domain, and suppose that
r € R\ {0}. Then r is prime if:

@) r is not a unit, and
(ii)  if r|ab for some a,b € R, then r|a or r|b.

In the ring Z these are equivalent, but this is not necessarily true in
every integral domain. More precisely, in an integral domain, prime
elements are irreducible, but not all irreducible elements are prime.

Proposition 9.11 Let R be an integral domain, and suppose that r € R
is prime. Then r is irreducible.

DOMAINS
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3 Proposition 7.29, page 69.

Proof Letr € R be prime. Then by Definition 9.10, 7 is not a unit.
Suppose that r = ab for some a,b € R. Then r|r = ab and so we
have r|a or r|b. Without loss of generality, suppose that r|a. Now
a|r since r = ab, and so we have r ~ a, so r = aq for some unit
g € R. Then g = b by the cancellation laws?, so b is a unit and r
is irreducible. (If, on the other hand, 7|b then a similar argument
shows that 2 must be a unit.) m

The converse doesn’t hold in general:

Example 9.12 Let R =Z[\/—5| ={a+byv/—5:a,b € Z}. Then
6 =2x3 = (1+v—5)(1—V/—5)

in R. We will show that 2 is irreducible but not prime.

First, we note that 2 does not divide 14+/—5, since if we set
2x = 1++/—5 then this implies that x = %j:% —5, which doesn’t
belong to R = Z[/—5]. Hence 2 is not prime.

We now show that 2 is irreducible. If 2 = ab with a = x4+y+/—5
and b = s+ty/—5 then

4= |abl? = |a]|b? = (x* + 5¢%) (s + 5t2).

Since |a|?, |b|?> € IN, we have three cases to consider:

Case1 If [a|> =1thena ! = x — y/—5and so a is a unit.
Case2 If|a]> =4then > =1and b ! =s—ty/-5s0bisa
unit.

Case 3 If [a|*> = 2 then we have a contradiction: there are no
integers x and y with |a|? = x? +5y?> = 2. So this case can't
happen.

Hence 2 is irreducible. We can show by similar arguments that 3,
(1++/=5) and (1—+/—5) are also irreducible in R.

9.3 Euclidean domains

In MA132 Foundations or MA138 Sets and Numbers you should have
met the following result:

Proposition 9.13 For any a,b € Z with b # 0, there exist q,r € Z
such that a = qb +r with 0 < r < |b|.

The Euclidean Algorithm in Z provides a constructive proof of this
fact.

There is a similar result for polynomials over a field, using a poly-
nomial version of the Euclidean Algorithm.

Proposition 9.14 Let F be a field. For any polynomials f,g € F[x|
with g # 0, there exist polynomials q,r € F[x| such that f = qg+r
and either r = 0 or deg(r) < deg(g).

Here, deg(f) is the degree of a nonzero polynomial f. Specifically,



for a nonzero polynomial
fzanx"+~~+a1x+ao
with a, # 0, we define deg(f) = n, with deg(f) = 0if f is a

nonzero constant.*

Now we want to generalise this idea to arbitrary integral domains.

Definition 9.15 An integral domain R is a Euclidean domain if

it admits a norm function v: R\ {0} — INU{0} such that:

@  v(ab) > v(b) foralla,b e R\ {0}, and

(ii) for all 4,b € R with b # 0 there exist q,+ € R such that
a = gb+r and either r = 0 or v(r) < v(b).

Propositions 9.13 and 9.14 give the following two examples:

Example 9.16 The ring Z is a Euclidean domain with norm
v(a) = lal.

Example 9.17 Let F be a field. Then F[x] is a Euclidean domain
with norm v(f) = deg(f).

Another example concerns the Gaussian integers Z]i]:

Example 9.18 As in Example 7.13, we set Z[i] = {a+bi:a,b €
Z}, the ring of Gaussian integers. We know that Z[i] is a subring
of C, so it is certainly an integral domain.

Let z = x + yi, and set v(z) = |z|> = x® + y>. We want to show
that this satisfies the requirements in Definition 9.15.

Firstly, condition (i) holds since |zw| = |z||w| for all z,w € C.

To check condition (ii), let a,b € Z[i] with b # 0. Then a/b =
x + yi for some x,y € Q. Choose xo, yo € Z with |x — xo| < 1 and
v —yo| < 3. Then

a = b(x + yi) = b(xo + yoi) + b((x—x0) + (y—Yo)i) = gb+r

where q = (xo + yoi) € Z[i] and r = b((x—x0) + (y—yo)i). Since
r =a — gb we have r € Z[i] and

v(r) = v(b)v((x—x0) + (y—yo)i) < v(b) (5 + ) <v(D)

so condition (ii) holds, and hence Z[i] is a Euclidean domain.

9.4 Principal ideal domains

In Definition 8.15 we introduced the notion of a principal ideal: one
generated by a single element of the ring. Some integral domains
have no non-principal ideals:

Definition 9.19 An integral domain R is called a principal ideal
domain (or PID) if every ideal of R is principal.

Proposition 9.20 Every Euclidean domain is a PID.

Proof Let R be a Euclidean domain and suppose that v is a norm
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4 We will define deg(0) = —1, although
here we will only be concerned with
nonzero polynomials.
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for R. The trivial ideal (0) = {0} and the full ring R = (1) are both
principal.

Suppose that I is a proper, nontrivial ideal of R and choose b €
I\ {0} such that v(b) is as small as possible. Then (b) C I.

Now let a € I be some arbitrary element of I. Because R is a
Euclidean domain, we can find ¢,7 € R such that a = gb 4 r with
either r = 0 or v(r) < v(b). If r # 0 then r = a — gqb, which belongs
to I because a € I, and gb € I by the absorption condition. But this
is a contradiction because r € I and v(r) < v(b), whereas we chose
b such that v(b) was minimal over I. So r = 0 and a = gb, which
means that a € (b). Hence I C (b), so I = (b) is principal and R is
therefore a PID. O

This proposition together with Example 9.16 yields the following
corollary:

[ Corollary 9.21 The ring Z is a PID. l

And Example 9.17 implies the following:

[ Corollary 9.22 If F is a field, then the polynomial ring F[x] is a PID. I

Not every PID is a Euclidean domain, but it is fairly difficult to find
an example to demonstrate this. Probably the simplest example is
Zla) ={a+ba:abe Z} where x = 3(1++/—19), but a proof of
this fact is a little beyond the scope of this module.

Proposition 9.23 If R is a PID then lem(a, b) and ged(a, b) exist for
any a,b € R. Furthermore, there exist r,s € R such that gcd(a,b) =
ra + sb.

Proof By Lemma 8.24, I = (a)+(b) = {ra+sb : r,s € R} is an
ideal of R, and since R is a PID, this ideal I is principal. Hence
I = (d) for some d € R.

Similarly, (a)N(b) is an ideal, so it must be equal to () for some
I € R.

We claim that d is a greatest common divisor and [ is a least common
multiple of 4 and b. Indeed, (a) C (d) O (b), and whenever
(a) C (c) D (b) it follows that (c) D (a)+(b) = (d).

Similarly, (a) 2 (1) C (b), and whenever (a) O (m) C (b) it follows
that (m) C (a)N(b) = (1). O

Proposition 9.24 If R is a PID, then every irreducible element of R is
prime.

Proof Let r € R be irreducible. Then by definition r is not a unit.
Suppose that r|ab for some a,b € R. Then by Proposition 9.23, an
element c = ged(a, b) exists.

Then r = ct for some t € R. Since r is irreducible, either c or t is a
unit. We consider these cases separately.

Case 1 If f is a unit then r ~ ¢ and c|a, so r|a and hence r is prime.

Case 2 If c is a unit, then by Proposition 9.23 we have ¢ = xa 4 yr
for some x,y € R. Multiplying both sides of this by b gives cb =
xab + yrb. Now r|ab and clearly r|yrb, so r|cb. This means that
ru = cb for some u € R. But if c is a unit, then we can multiply by



¢! to see that r|b, which implies again that r is prime. O

9.5 Unique factorisation domains

The Fundamental Theorem of Arithmetic says that every nonzero
integer apart from £1 can be factorised as a product of primes,
and that factorisation is unique up to the order of the factors and
multiplication by =1. We want to generalise this.

Definition 9.25 An integral domain R is a factorisation domain
(FD) if each non-unit element 2 € R\ {0} can be factorised as a
product of irreducible elements x = ryry...74.

Definition 9.26 A factorisation domain R is a unique factorisa-
tion domain (UFD) if, for each non-unit element R \ {0} and any
two factorisations

X =7rrp...ryn = 8152...Sm,

where r1,...,r, and sq,...,5s;,, are irreducible, then m = n and
there exists ¢ € S, such that r; ~ So (i) forl1 <i<n.

Proposition 9.27 Let R be a UFD. Then every irreducible element of
R is prime.

Proof Let x € R be irreducible. Then by definition x is not a unit.
Now suppose that x|ab, and factorisea =ry...reand b =rq1... 7.
Thus we have a factorisation ab = ry...r;. On the other hand
ab = xy for some y € R. Factorise y = s;...s;,, and then we have
another factorisation ab = xs; ...s;;. Since R is a UFD, x is associate
to r; for some i. If i < k then x|a, and if i > k then x|b. Hence x is
prime. O

l Proposition 9.28 Every PID is a FD.

Proof Let R be a PID, and suppose that x € R\ {0} is not a unit.
Suppose that x can’t be factorised as a product of irreducible ele-
ments. Then

X = {x € R\ {0} : x is not a unit and can’t be factorised }
is nonempty.
Let x € X. Then x can’t be irreducible, so we can write x = yz for
some Y,z € R, neither of which are units. If we could factorise both
y and z into irreducibles, then we could do the same for x. So at
least one of them, say y, can’t be factorised, and hence y € X. Since
z is not a unit, x fy. By Lemma 9.2, (x) C (y).
Since this is true for all x € X, we can obtain an infinite sequence of
elements x; € X such that

(x1) C (x2) C -+ C (xn) C (xn41) C -
where all the inclusions are proper.

Let I = U2 (x;). Then I is an ideal. To see this, let r,s € I. Then
for some m,n > 0 we have r € (x,) and s € (x,), and assuming
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without loss of generality that n > m, we have r,s € (x,), so
r+s € (xn) C I. The other conditions can be checked similarly.

Since R is a PID, I = (d) for some d € R. Then d € (x,) for
some n. This implies that I = (d) C (x,). But this contradicts the
assumption that (x,) is properly contained in (x,41) C I.

Hence our initial assumption, that x can’t be factorised into irre-
ducible elements, was false. Therefore every nonzero, non-unit
element of R can be factorised as a product of finitely many irre-
ducible elements, and so R is a factorisation domain. ]

Proposition 9.29 Let R be a factorisation domain in which every
irreducible element is prime. Ten R is a UFD.

Corollary 9.30 Every PID is a UFD. |

Example 9.31 The ring Z[+/—5] is a factorisation domain but not
a UFD.

[ Example 9.32 The ring Z[x] is a UFD but not a PID. I

Proposition 9.33 Let R be a UFD. Then for any a,b € R, there exist
elements d = ged(a,b) and | = lem(a, b).
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